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Abstract 

Much of algebra and representation theory can be formulated in the general 
framework of tensor categories. The aim of this paper is to further develop this 
theory for braided tensor categories. Several results are established that do not 
have a substantial counterpart for symmetric tensor categories. In particular, 
we exhibit various equivalences involving categories of modules over algebras in 
ribbon categories. Finally we establish a correspondence of ribbon categories 
that can be applied to, and is in fact motivated by, the coset construction in 
conformal quantum field theory. 
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1 Introduction 



In this paper we study equivalences involving categories of modules over algebras in ribbon 
categories. Our main results are Theorem 5.20 and Theorem 7.6. To motivate these results 
and clarify their relevance, we start by looking at a classical analogue: correspondences. 

1.1 Correspondences 

Correspondences are often needed to express relations between mathematical objects of 
the same type. For instance, in algebraic geometry they enter in the definition of rational 
maps. A more recent application is the construction of an action of the Heisenberg algebra 
on the cohomology of Hilbert schemes of points on surfaces. In the present paper, we 
introduce a generalisation of correspondences in the setting of braided tensor categories, 
which turns out to provide a powerful tool for the study of such categories. 

Correspondences deal with classes of mathematical objects for which a Cartesian prod- 
uct is defined. For definiteness, let us consider finite groups. A correspondence of two 
groups Gi and G2 is a subgroup R of the product group GiX G2, 

R < G1XG2. (1.1) 

Suppose now that the representation theories of the groups Gi and R are known. One 
could then be tempted to formulate the following dream: A correspondence (1.1) might 
allow us to express the category 7lep{G2) of (finite-dimensional complex) representations 
of G2 in terms of the representation categories TZep{Gi) and TZep{R). 

Obviously, in this generality our dream is entirely unrealistic - just take Gi and R to be 
trivial. To assess the feasibility of the dream in more general categories than representation 
categories of finite groups, it is helpful to reformulate the correspondence (1.1) in the spirit 
of the Tannaka-Krein philosophy, i.e. to express statements about groups entirely in terms 
of their representation categories rather than in terms of the groups themselves. One 
advantage of this point of view is the following. Once the statements are translated to a 
category-theoretic setup, one can try to relax some of the properties of the representation 
category so as to arrive at analogous statements applying to categories that appear in 
other contexts, e.g. as representation categories of quantum groups, of vertex algebras, or 
of precosheaves of von Neumann algebras, and that, in turn, have important applications 
in quantum field theory. 

Our starting point, i.e. the correspondence (1.1), is easily reformulated in category- 
theoretic language. The representation category of the product group is simply the prod- 
uct of the two representation categories, 7lep{GixG2) = TZep{Gi) M7lep{G2). ^ The corre- 
spondence R is, by definition, a subgroup of Gi x G2; a category-theoretic analogue of the 
notion of subgroup is known ([26]; for earlier discussions compare also [46, 36]): There is a 
bijection between subgroups H oi a, group G and commutative algebras in the tensor cate- 
gory TZep{G). The commutative algebra in TZep{G) that is associated to H is given by the 

^ For a precise definition of the relevant notion of product tensor category, see Section 6.1. 
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space (C{G/H) of functions on the homogeneous space G/H. The category TZep{G)(c{G/H) 
of C(G'/if)-modules in TZep{G) is equivalent to TZep{H), 



Our dream can thus be stated more precisely as follows. Suppose we are given two tensor 
categories Ci and C2 and a commutative semisimple algebra Ab in Ci KIC2. Denote by Cr 
an appropriate tensor category of Ajj-modules. Then we might attempt to express C2 in 
terms of Ci and Cr, as the category of modules over a commutative algebra S in a tensor 
category C that is derived from Ci and Cr only. 

In the particular case that Gi and R are trivial, our dream would amount to the 
statement that TZep{G2) is equivalent to the representation category of a commutative 
semisimple algebra over C, which clearly cannot be true for any non-abelian group G2- 
More explicitly, in this specific situation the data involved in the correspondence are, in 
category-theoretic language, the tensor category lZep{G2) and the commutative algebra 
C(G2) of functions on G21 seen as an algebra in TZep{G2)- Since all irreducible representa- 
tions of G2 appear as subrepresentations of C(G2), this algebra has trivial representation 
theory: 



It is therefore all the more remarkable that there do exist situations in which our dream 
can be realised. It involves a generalisation of algebra and representation theory to tensor 
categories that are not necessarily symmetric, but are still braided. Among such categories 
there are, in particular, the modular tensor categories. The interest in modular tensor 
categories comes e.g. from the fact that such a category contains the data needed for the 
construction of a three-dimensional topological quantum field theory. These categories 
arise in many interesting applications; for example, the representation categories of certain 
vertex algebras are modular tensor categories. 

Modular tensor categories are distinguished by a non-degeneracy property of the braid- 
ing; in particular, the braiding is "maximally non- symmetric" . This makes it apprehensible 
that in contrast to the classical case above, in which all involved tensor categories are sym- 
metric, such categories can indeed provide a realisation of our dream. 

1.2 Frobenius algebras 

Many aspects of the representation theory of rings or algebras can be generalised to the 
general setting of tensor categories [38]. In any tensor category one has the notions of 
an associative algebra with unit and its modules and bimodules. Similarly one can define 
coalgebras. A particularly interesting class are algebras A that are also coalgebras such that 
the coproduct is a bimodule morphism from A to the A-bimodule A® A. Such algebras 
are called Frobenius algebras, because Frobenius algebras in the modular tensor category 
of finite-dimensional vector spaces over some field are just ordinary Frobenius algebras. 
Frobenius algebras in more general tensor categories have recently attracted attention in 
several different contexts (see e.g. [26, 20, 17, 37, 34, 18]). 



nep{G)c[G/H) = nep{H) . 



(1.2) 
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In contrast to bialgebras (such as Hopf algebras) , Probenius algebras can be defined in 
tensor categories that are not necessarily braided. In a braided category, however, their 
theory becomes much richer. One then has the notion of a commutative algebra and, more 
generally, of center(s) of an algebra. The present paper aims at developing the theory of 
Probenius algebras in such a setting. It turns out to be helpful to impose a few additional 
requirements, both on the algebra and on the category. In particular, we assume that the 
braided tensor category in question is additive, k-linear (with k some field), as well as 
sovereign - it has a left and a right duality that coincide as functors from C to the opposed 
category; a braided sovereign tensor category is also known as a ribbon category. Other 
requirements imposed on the category will be given in the body of the paper; the setting 
is summarised in declaration 2.10. 

The additional properties of the algebra are that it is a special and symmetric Frobenius 
algebra, see definition 2.22. (To ensure the existence of various images needed in our 
constructions, we also assume that the algebra is what we call centrally split, see definition 
3.1 and declaration 3.2.) Symmetric Probenius algebras in the category of vector spaces 
appear e.g. in the study of group algebras and thus play a central role in representation 
theory. It is worth noting that in a braided setting, a commutative Probenius algebra is 
not necessarily symmetric. The specialness property of the Frobenius algebra A implies, 
in particular, [26, 20] that when the category C is semisimple then the category of left 
A-modules is semisimple as well. 

1.3 Local modules and local induction 

In this paper we study symmetric special Frobenius algebras A in ribbon categories C. 
Given such an algebra, there are three other categories one should consider: The category 
Ca of left A-modules, the analogous category of right A-modules, and the category Ca\a of 
yl-bimodules. The tensor product Bi (g)^ B2 of bimodules endows Ca\a with the structure 
of a tensor category. 

The braiding of C allows to construct two tensor functors [28, 37] 

4 : Ca\a , (1.4) 

known as a-induction (see Definition 2.21). In Definition 3.3 we introduce two endofunctors 

: C^C. (1.5) 

We show in Proposition 3.6 that if right-adjoint functors (a^)'^ to (1.4) exist, then the 
endofunctors (1.5) are the compositions E}^ = {a^Y o and E]^ = {a^Y o a^. For commu- 
tative algebras, the two functors E^^ coincide (see Proposition 3.8 (iv)); in this case we 
suppress the index / or r. 

A basic principle in this paper is to try to lift a given functor F: C ^T> between two 
tensor categories C and P to a functor from the category C-Alg of algebras in C to the 
category V-Alg of algebras in P, or even to a functor between the respective categories 

/ It 

C-Frob and V-Frob of Probenius algebras. For the functors Ejl both lifts turns out to be 
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possible. This result, established in Proposition 3.8(i), is non-trivial because EJ'^ are not 
necessarily tensor functors. By abuse of notation, we use the same symbol for the resulting 
endofunctors of C-Alg and of C-Frob as for the underlying endofunctors of C, i.e. we write 

e'/: C-Alg^C-Alg (1.6) 

as well as E^"^: C-Frob ^C-Frob. 

The images of the endofunctors (1.5) carry additional structure. To describe it we need 
two additional ingredients: a braided version of the concept of the center of an algebra 
and the concept of local modules. First, the braiding allows one to generahse the notion 
of a center of an algebra A, and for a general braiding one obtains in fact two different 
centers Ci{A) and Cr{A), known as the left and the right center of A, respectively. After 
adapting, in Definition 2.31, their description in [45, 37] to the present setting, we show 
in Proposition 2.37 that the centers of a symmetric special Frobenius algebra carry the 
structure of commutative symmetric Frobenius algebras. In a braided category there is 
also a notion of the tensor product A<SiB oi two algebras A and B. It enters e.g. in the 
definition [45] of the Brauer groTip of the category. Remarkably, in the braided setting the 
tensor product of two commutative algebras is not necessarily commutative. (Thus it is 
not natural to restrict one's attention to commutative algebras.) In Proposition 3.14(i) we 
compute the centers of A^B; they can be expressed in terms of the endofunctors (1.6), 
namely 

Ci{A®B) ^ E[{Ci{B)) and Cr{A®B) ^ E^{Cr{A)) (1.7) 

as Frobenius algebras. 

The category of left modules over a commutative algebra A in Vectc is again a tensor 
category. In order to generalise this fact to a braided setting, a refinement is necessary, 
and this refinement makes use of the second ingredient of our construction - the concept 
of dyslectic [40] or local module. A module M over a commutative special Frobenius 
algebra ^4 in a ribbon category is local iff the representation morphism commutes with the 
twist (see Proposition 3.17), so that the twist on M is a morphism in Ca- The resulting 
generalisation of the classical statement is given in Proposition 3.21, which follows [40] 
and [26]: The category Ca of left modules over a commutative symmetric special Frobenius 
algebra A in a ribbon category C has a natural full subcategory - the category Ca" of local 
left ^-modules - that is again a tensor category, and in fact, unlike e.g. the category of 
74-bimodules, even a ribbon category. 

With these results at hand, we proceed to show, in Proposition 4.1, that every object 
in the image of the endofunctors E'/^ has a natural structure of a local Q(A)-module, 
respectively of a local Cr{A)-uiodule. Thus the functors E^^ give rise to two functors 

Mndf: C^Ch-^^A), (1-8) 

which we call local induction functors (Definition 4.3). (Again, for commutative algebras, 
the two functors coincide, and we shall then suppress the index / or r, i.e. just write £-Ind^.) 
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However, in contrast to ordinary induction, local induction is not a tensor functor. In the 

tensor categories C^^^ ^^-j we have the notion of an algebra; it turns out (Proposition 4.14) 
that the local induction functors can be extended to functors between categories of algebras, 
too, i.e. (again abusing notation) 

Mndf: C-Alg^C's:,^^^yAlg. (1.9) 

All this structure enters the following result about successive local inductions. Let A 
and B be two commutative symmetric special Frobenius algebras in C. Then C^" is again 
a tensor category, and £-lnd^(-B) is a commutative algebra in that category. It thus makes 
sense to consider the tensor category of local £-lnd^(i?)-modules in C^". In Proposition 
4.16 we show that this category can also be obtained as the category of local modules over 
some commutative algebra in C, and that this algebra is in fact just Ej^{B): 

If in addition A is simple and Ey^{B) is special, then this is even an equivalence of ribbon 
categories. (An algebra is called simple iff it is simple as a bimodule over itself, see 
Definition 2.26.) 

The next statement - Theorem 5.20 - is the first main result of this paper: Provided 
that the left and right centers Ci{A) and Cj.{A) of a symmetric special Frobenius algebra 
A in a ribbon category C (which are symmetric Frobenius by Proposition 2.37) are also 
special, the categories of local modules over Ci{A) and Cr{A) are equivalent as ribbon 
categories, 

'^Ci(A) — l-CrCA) ■ \^-^^J 

Moreover, there is in addition a ribbon equivalence of these categories to a certain subcat- 
egory of a-induced A-bimodules, the category C^|^ of ambichiral A-bimodules, introduced 
in Definition 5.6. 

The equivalence (1.11) can, in general, not be extended to an equivalence of the respec- 
tive categories of all modules (as module categories over C) - the left center and the right 
center arc not necessarily Morita equivalent. 

It is instructive to see how the results (1.7), (1.10) and (1.11) simplify for a symmetric 
tensor category C, in which the braiding obeys C[}y = Cy^, for all objects U, V. This in- 
cludes in particular the 'classical' situation that C is the category Vectk of finite-dimensional 
vector spaces over a field k, as well as the category of finite-dimensional super vector spaces. 
In this case, the notions of left and right center coincide, there is only a single center C{A). 
The relations (1.7) then reduce to the statement that the center of the tensor product of 
two algebras is the tensor product of the centers, C{A®B) = C{A) ^C{B). 

Furthermore, in a symmetric tensor category all modules over a commutative special 
Frobenius algebra are local. The result (1.10) thus simplifies to a simple statement about 
the induction with respect to the tensor product of two commutative algebras A and B: 

{CA)lndA{B) — Ca^B- 



7 



Finally, there is only a single a-induction Uj^ — a^ — aj^, and the two endofunctors E/ 
of C just amount to tensoring objects with C{A) and morphisms with idc{A)- The two 
functors i'-Ind^'^ coincide as well, and arc induction to modules over C{A). Therefore, in 
a symmetric tensor category, our first main result (1.11) becomes a tautology - in other 
words, (1.11) is a theorem of 'braided algebra' without substantial classical analogue. 

1.4 Correspondences and the trivialisation of ribbon categories 

Before we can discuss the category-theoretic generalisation of correspondences, we must 
still find an appropriate generalisation to the braided setting of the relation (1.3), i.e. of 
the fact that the category TZep{G) of representations of a group G contains a commutative 
special symmetric Frobenius algebra A = <C(G) such that TZep{G)^'' = Vect(c. We call an 
algebra A in C with the property that C^" = Vect^ a trivialising algebra for C. 

Requiring the existence of a trivialising algebra is too restrictive for the applications 
we have in mind. We rather need the following more general concept (Definition 6.4): We 
call a (k-linear) ribbon category C trivialisable iff there exist a ribbon category C and a 
commutative symmetric special Frobenius algebra T in C Kl C such that the category of 
local T-modules is trivial, 

{CMC'Yt = Vectt. (1.12) 

An important class of braided tensor categories are the modular tensor categories, which 
play a key role in various applications. In Proposition 6.23 we show that every modular 
tensor category is trivialisable, with C = C the tensor category dual to C. 

Combining all these results finally allows us to obtain a category-theoretic generalisa- 
tion of the correspondence (1.1). Suppose that a ribbon category C3 is equivalent to the 
category of local ^-modules in the product of two ribbon categories Ci and C2, i.e. that 
the correspondence takes the form 

C3 = (CiKC2)r, (1-13) 

where C2 is trivialisable with trivialising algebra T in C2KIC2. The dream spelt out in 
the beginning then amounts to expressing Ci as the category of local modules over a 
commutative special Frobenius algebra in C3 KICg. We shall indeed show (Proposition 7.1) 
that, quite generally, it is possible to express a category of local modules over a certain 
commutative algebra in Ci in terms of C3 and €2- 

(^l)«ndi^j,(yl(g)l) — (^3l^C2)^!ind^^^(i(g,r) . (1-14) 

(^4(8)1 and l^T are algebras in 1 denotes the tensor unit of the respective 

category; the product Kl of tensor categories is associative, see Remark 6.6.) 

Moreover, the situation simplifies considerably when we make the following restrictions. 
First, we demand that the category C2 is modular; second, we require that the algebra A 
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in Ci KIC2 has the property that the only subobject of A of the form [/ x 1 is 1 x 1. Then 
the commutative algebra i-lnd-i^i^rp{A<Sil) in Ci is the tensor unit, so that (1.14) reduces to 

Ci ^ (CsKCa)^^ (1.15) 

with B = £-Ind^^j^(l (E) T). This result - Theorem 7.6 - is arguably the strongest possible 
realisation of our dream. We stress that only in a braided setting such an effect can happen: 
It is the non-triviality of the braiding that is responsible for getting the locally induced 
algebra i-lnd-i^^j,[A 1) so small. 

1.5 Applications in quantum field theory 

C-linear tensor categories have played a prominent role in quantum field theory, especially 
in connection with the general analysis of superselection rules and of quantum statistics [12, 
13]. In two- and three-dimensional quantum field theory they have become an indispensable 
tool for studying braid statistics and quantum symmetries. The analysis presented in this 
paper is primarily inspired by problems in two-dimensional conformal field theory and 
string theory and has grown out of the results presented in [17, 18]. Concrete applications 
of our results, in particular of (1.15), to conformal field theory form the subject of a 
forthcoming paper. Here we just give an indication of what some of these applications 
consist in. 

First consider the case that C3 is trivial, C3 = Vectc- This case can e.g. be realised 
through certain conformal embeddings of directs sums Qi © 32 of untwisted afiine Lie alge- 
bras into an untwisted affine Lie algebra g. The relevant tensor categories are the categories 
Ci = C{gi, ki) of integrable representations of the affine Lie algebras Qi and 02 with specified 
values ki^2 of the level; as representations for q one must take the integrable representa- 
tions at some level k, and require that the category of those representations is equivalent 
to Vectc, which is the case for Q = Es at level k = l. These are modular tensor categories, 
and the embedding of §1 ® §2 into g provides us with a simple commutative symmetric 
special Frobenius algebra A in their product C1KIC2. Our result (1.14) then asserts that a 
category of local modules in Ci is equivalent to a category of local modules in the category 
C2 dual to €2- If, in addition, the conditions are met that the only subobject of A of the 
form t/x 1 is 1 X 1 and the only subobject of A of the form IxU is 1x1, then the categories 
Ci and C2 are equivalent; this happens e.g. for those conformal embeddings in g = E^^'' for 
which 

(01,02) = {A2,Ee) or {Ai,E7) or (F4,G'2) (1.16) 

and, in each case, ki = k2 = 1. The corresponding equivalences of modular tensor categories 
are known. On the other hand, the two conditions are not met for the conformal embedding 
into Eg^ of ^2^^© A'^^ with ki = 6 and k2 = 16. In this case only categories of local modules, 
in fact so-called simple current extensions, for the two categories are equivalent. 

The second application we have in mind concerns coset conformal field theories. In 
these theories one starts from the representation categories C{q, k) and C([), k') for a pair of 
untwisted affine Lie algebras for which C g, and desires to understand the representation 
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category of the commutant of the conformal vertex algebra associated to {i),k') in the 
conformal vertex algebra associated to (g, k). The results of the present paper will form an 
essential ingredient of a universal description of these representation categories, including, 
in particular, the so-called maverick coset theories. A discussion of this application is 
beyond the scope of this introduction; it will appear in a separate publication. 

1.6 Relation to earlier work 

The methods and results of this paper owe much to work that has been done within two 
lines of development: the study of algebras in tensor categories, and alpha induction for 
nets of subfactors. Algebras in symmetric tensor categories already played an important 
role in Deligne's characterisation of Tannakian categories (see e.g. [41, 10]). They were 
studied in much detail by Pareigis (see e.g. [38, 39]), who also introduced the concept of 
local (dyslectic) modules of a commutative algebra in a braided tensor category [40] . More 
recently, commutative algebra and local modules in semisimple braided tensor categories 
were e.g. studied in the context of conformal field theory and quantum subgroups in [26] , 
in relation to weak Hopf algebras in [37], and in connection with Morita equivalence for 
tensor categories in [34]. The algebras relevant in the conformal field theory context are 
symmetric special Frobenius algebras [20, 17, 18]; those encoding properties of conformal 
field theory on surfaces with boundary are, generically, non-commutative. It is also worth 
mentioning that while bi- or Hopf algebras in braided tensor categories (for a review, see 
[31]) do not play a role in this context, they are indeed important for other applications in 
quantum field theory, see e.g. [25]. 

The concept of a-induction (see Definition 2.21) was invented in [28] in the framework 
of the C*-algebraic approach to quantum field theory (see e.g. [12, 13]). a-induction was 
further developed in [47] and in a series of papers by Bockenhauer, Evans and Kawahigashi 
(see e.g. [5, 7, 8, 6]), in particular applying it to the construction of subfactors associated 
to modular invariants, and it was formulated in purely categorical form (and, unlike in the 
quantum field theory and subf actor context, without requiring that one deals with a *- 
category) in [37]. Also in the study of subfactors Probenius algebras arise naturally, in the 
guise of 'Q-systems' [27, 29]. Indeed, every Q-system is a symmetric special *-Probenius 
algebra [15], and the product and coproduct, and unit and counit, respectively, are *'s of 
each other (the Frobenius property can then in fact be derived from the other properties). 
For instance, the trivialising algebra defined in Lemma 6.19 corresponds to the Q-system 
that is associated to the canonical endomorphism of a subfactor, see Proposition 4.10 of 
[28]. 
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2 Algebras in tensor categories 



2.1 Tensor categories 

Let C be a category. We denote the class of its objects by Obj(C) and the morphism sets by 
Hom(f/, V), for U, V in Obj(C); we will often abbreviate endomorphism sets Hom(f/, U) by 
End(f/). In this paper we will be concerned with categories that come with the following 
additional structure. First, they are small (Obj(C) is a set), they are additive (so that, 
in particular, they have direct sums) and their morphism sets are vector spaces over the 
ground field k. Second, most often they are tensor categories. By invoking the coherence 
theorems, tensor categories will be assumed to be strict; we denote the associative tensor 
product by '(g>', both for objects and for morphisms, and the tensor unit by 1. Third, most 
of the categories we will be interested in are ribbon categories; this includes as a special 
subclass the modular tensor categories. 

Definition 2.1 : 

A ribbon category is a tensor category with the following additional structure. To every 
object U GObj(C) one assigns an object ^7^G0bj(C), called the (right-) dual of U, and 
there are three families of morphisms, ^ 

(Right-) Duality: bu E Hom(l, f/®f/^) , du G Hom(t/^®t/, 1) , 

Braiding : cu,v e Hom([/(g)V^, V^U) , (2.1) 

Twist : Ou e Hom(C/, U) 

for all U e Obj(C), respectively for all U,V e Obj(C), satisfying 

{dy (g) idyv) o (idyv by) = idyv , {idy (g) dy) O {by (g) idy) = idy , 

cuy^w = i^dv ^ cu,w) ° (%y ® id^) > Cum,w = {cu,w ® ^dy) o {id^ Cy^w) > 2) 

{9^f)° Cu,w ^Cv,x°{f^9), Oyof^foO^, 

{9y (g) idyv) Oby^ {Idy 1^ 9yy) O by , Oy^^iy = C^y O Cy O {Oy (g) 9^) 

for aU U, V,W,Xe Obj(C) and aU / e Rom{U, V),ge Hom(W^, X). 

In a tensor category with duality, one defines the morphism dual to / G Hom(t/, V) 
by := {dv <S) idt/v) o (idyv 0/0 id,/v) o (idyv bu) G Hom(\/'^, U'^). A left-duality is an 
assignment of a left-dual object to each U G Obj (C) together with a family of morphisms, 

Left-duality: bu G Hom(l, ^U0U) , du G Hom(C/(g)^C/, 1) , (2.3) 

that obey analogous properties as a right- duality. In a ribbon category, there is automati- 
cally also a left-duality; it can be constructed from right-duality, braiding and twist, and in 

^ The existence of a duality is often included in the definition of a tensor category. What we refer to 
as a tensor category is then called a monoidal category. 
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fact coincides with the right-duahty both on objects and on morphisms, ^f/ = U"^ , ^/ = 
Tensor categories with coinciding left- and right-duahty functors from C to C°pp are caUed 
sovereign. Thus, every ribbon category is in particular sovereign; conversely, every braided 
sovereign category is a ribbon category. For a tensor category with both a left- and a 
right- duality, one defines left and right traces of an endomorphism / G Hom(?7, U) as 

tri{f):=duo{iduv^f)obu, tr,{f):=duo{f^iduv)obu, (2.4) 

and the left and right (quantum) dimensions of an object U as dim\/^{U) ■.= tTi/j.{idu). In 
a ribbon category the left and right traces coincide, i.e. ribbon categories are spherical. 
Accordingly, in a ribbon category we denote the trace just by tr. 

The properties (2.2) of the braiding, twist and duality morphisms in a strict tensor 
category allow us to visualise them via ribbon graphs (see e.g. [21] and chapter XIV of 
[24]). In the sequel we will make ample use of this graphical notation. When drawing such 
graphs we follow the conventions set up in Section 2 of [18]. In particular, all diagrams are 
to be read from bottom to top and, for simplicity, we use the blackboard framing convention 
so that ribbons can be drawn as lines. For convenience, we have also summarised the basic 
structural data in an appendix; the graphs for the braiding, twist and duality morphisms 
are collected in appendix A.l, and the graphical transcription of the axioms (2.2) is given 
in appendix A. 2. To give another example, the graph 




with U, V any pair of objects of a braided tensor category with dualities, is the trace 

suy = tr(%y o cyjj) = {dy (g) d^) o [ id^v ® (%yO Cy^^) ® idjj^] o (by ® b^) (2.6) 

of the endomorphism CuyOCyjj 

When C is semisimple, then we are particularly interested in simple objects. We denote 
by {t/j I i gX} a collection of representatives of the isomorphism classes of (non-zero) simple 
objects of C, and set 

iV,/ := dimk(Hom([/, ® f/„ Uu)) (2.7) 

(taking values in Z>o U {cxd}). Assuming that the tensor unit is simple, we take it as one 
of these representatives, so that X9 with Uq = 1. If an object U is simple, then so is its 
dual f/^; thus in particular for every i gX there is a unique label zgX such that Uj = U^ . 

Definition 2.2 : 

A modular tensor category is a semisimple additive ribbon category for which the index 
set X is finite and for which the s-matrix s = {sij)^j^2 with entries 

\j ■= su,,u, = tr(%^,^^o c^^.^^J (2.8) 



12 



is non-degenerate. 

Instead of non-degeneracy of s, one can equivalently [9] require that, up to isomorphism, 
the tensor unit is the only 'transparent' simple object, i.e. that any simple object U for 
which cv,u ° cu,v — idu<^v holds for all V e Obj(C) satisfies [/ = 1. 

The dimension of an object U eObj(C) is expressed through the numbers (2.5) as 
dim([/) = tr idu = su,i = Si^u- In a modular tensor category, the square of the matrix s is, 
up to a multiplicative constant, a permutation matrix. 



(In the physics literature, one usually considers the field of complex numbers, and instead 
of using s it is more conventional to work with the unitary matrix S defined as S :— Sq^ s 



For later reference we quote the following criterion for a functor F to be an equivalence 
of categories (see e.g. Theorem IV.4.1 of [30]). 

Proposition 2.3 : 

A functor F is an equivalence of categories if and only if F is essentially surjective (i.e. 
surjective up to isomorphisms) and fully faithful (i.e. bijective on morphisms). 

Also note that when a functor F is an equivalence of braided tensor categories, then, 
owing to the uniqueness properties of the left and right dualities and the fact that the 
twist can be expressed through the dualities and the braiding, F is even an equivalence of 
ribbon categories. 

We will occasionally have to deal with constructions which, just like functors, assign to 
each object f/ of a category C an object F{U) of a category V, and to each morphism / 
of C a morphism F{f ) of 7? in a manner compatible with the domain and target structure 
(i.e. such that F{f) e Hom(F(C/), F{V)) for / e Hom(C/, V)), but which are not, or are not 
known to be, functors. For definiteness, we will call a collection of maps that has these 
properties an operation on the category C. 

2.2 Idempotents and retracts 

In order to fix our conventions and notation for subobjects and retracts we review a few 
notions from category theory (for more details see e.g. Sections 1.5, V.7, VIII. 1 and VIII. 3 
of [30]). For brevity, in this description we often dispense with naming the source and 
target objects of a morphism explicitly; the corresponding statements are meant to hold 
for every object for which they can be formulated at all. 

A morphism e is called monic iSeof = eog implies that f = g. A morphism r is called 
epi iff f or = g or implies that f = g- A subobject of an object U is an equivalence class 
of monies e e Hom( -,11). Here two monies e e Hom(5', U) and e' e Hom(5", U) are called 




(2.9) 



with5o,o:=[E.ex(dim(C/,))T ■) 
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equivalent iff tliere exists an isomorpliism G Hom(S', S") sucli tliat e = e' o A subobject 
(K^ e) of [/ is a kernel of / G Hom(t/, V^) iff / o e = and for every /i G Hom(Vr, ?7) with 
f o h = tliere exists a unique /;.' G Hom(Vr, K) such that h = eoh'. If a kernel exists, it 
is unique up to equivalence of subobjects. Cokernels are defined by reversing all arrows. 
The image Im/ of a morphism / is the kernel of the cokernel of /. It is often convenient 
to think of an isomorphism class of subobjects, kernels or cokernels as a single pair {S, /). 
This is done by selecting a definite representative of the isomorphism class, invoking the 
axiom of choice (recall that all categories we consider are small). 

A subobject S is called split iff together with the monic e G IIom(S', U) there also comes 
a morphism r G Hom([/, S) such that r o e = ids (the letters e and r remind of 'embedding' 
and 'restriction'/ 'retract', respectively). We refer to the triple {S,e,r) as a retract of U 
(just like for subobjects, we use the term retract both for the corresponding equivalence 
class of such triples and for an individual representative). We use the notations S-<U 
and U >~ S to indicate that there exists a retract {S, e, r) of U; when it is clear from 
the context what retract we are considering, we also use the abbreviations e = es = es^u 
and r = rs = ru^s- Iii the pictorial notation we will use the following shorthands for the 
morphisms e,r specifying a retract: 



u 



(2.10) 



u 



Two retracts S, S' are called equivalent iff {S, e) and (5", e') are equivalent as subobjects 
and eor = e' or'. 

An endomorphism pG Hom(t/, U) is called an idempotent (or a projector) iff pop = p. 
To every retract S = {S,e,r) of U there is associated an idempotent P5 G Hom(?7, f/), 
namely Ps := eor. An idempotent p is said to be split if, conversely, there exists a re- 
tract (S", e, r) with p = Ps = eor. Thus a split idempotent has in particular an image, 
Im(p) = S, and split subobjects are precisely the images of split idempotents. Further, the 
retract {S, e, r) is then unique up to equivalence of retracts, and 



eor 



roe 



id. 



po e 



r o p 



(2.11) 



Also note that in a sovereign tensor category it follows, via the cyclicity of the trace, that 
tr^(p) = dim(Imp), both for the left and the right trace, for any split idempotent p. 



Lemma 2.4 : 

(i) For any two objects U, V and any split idempotent pG Hom(?7, U), there is a natural 
bijection between the vector space IIom(Imp, V) and the subspace 

Hom(p)(t/, V) := {/ G Hom(f/, V)\fop = f} (2.12) 
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of Hom(C/,y). 

(ii) For any two objects U, V and any split idempotent q e Hom(y, V), there is a natural 
bijection between the vector space Hom(C/, Img) and the subspace 

Hom^'') ([/, V):={fe Hom([/, V)\qof = f} (2. 13) 

of nom{U,V). 
Proof: 

Recall from the remarks before (2.11) that Imp is in a canonical way a retract (Imp, e, r) of 
t/. With the help of the relations (2.11) one checks immediately that the map Hom(Imp, V) 
3(ph^(por maps to the correct subspace Hom(p) {U, V) C Hom(t/, V) and that it has the 
map Hom(p)(C/, y) 3t/;h^t/;oe as a two-sided inverse. This establishes (i). Statement (ii) 
follows analogously, the relevant mappings now being (/? i— > e o (/? and i— > r o ■0. □ 

Definition 2.5 : 

A category C is called Karoubian (or idempotent complete, or pseudo-abelian) iff every 
idempotent is split. 

Remark 2.6 : 

To every idempotent p e Hom(C/, U) in an additive Karoubian category there corresponds 
an isomorphism C/ = Im(p) ©Im(jd;7— p). All abelian categories, as well as all additive 
semisimple categories, are Karoubian. 

Definition 2.7: 

The Karoubian envelope (or idempotent completion, or pseudo-abelian hull) of a cate- 
gory C is a Karoubian category together with an embedding functor K: C which 
is universal in the sense that every functor F: C — > P to a Karoubian category T> factors 
as F — G o K, with the functor G: unique up to isomorphism of functors. 

Remark 2.8 : 

(i) In the original definition of Karoubian envelope [23] it is also assumed that the category 
C is additive, and the functors K and F are required to be additive functors. is then 
an additive category, too. 

(ii) By general nonsense concerning imiversal properties, the Karoubian envelope is unique 
up to equivalence of categories. When C is already Karoubian, then C^=C and K = Idc. 

(iii) The Karoubian envelope of C can be realised [23] as the category whose objects are 
pairs {U;p) of objects U e Obj(C) and idempotents p e Hom([/, U), and with morphisms 

Hom^(([/;p), {V; q)) := {/ G Rom{U, V)\qofop^f} (2.14) 
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and id^u;p) —P, so that in particular pG Horn {{U;p), {U;p)). In this reahsation the em- 
bedding functor K acts as K{U) = {U ; idu) and K{f) — f, implying for instance that 
Rom^{K{U),K{V))=Rom{U,V). As a consequence, we may (and will) think of C as 
a full subcategory of C^, and accordingly identify U G Obj(C) with {U ; idu) ^ C)bj(C^). 
Further, when q is any idempotent in Hom^((?7;]?), (?7;p)), we have qop = q = poq, im- 
plying that Im(g) ^{U;q), independently of p. 

(iv) Various properties of C are naturally inherited by (compare e.g. [4]): 

a) If C is tensor, then becomes a tensor category by setting / (8)^ g:— f <^g and 

1^:=K{1) and {U ; p) ®^ {V ; q) := {U ®V ; p(^q) . (2.15) 

b) If a tensor category C is braided, then a braiding for the tensor category is given by 

^fu;p),iV;q) ■= ®P) ° Cuy • (2.16) 

c) If a tensor category C has a left duality, then a left duality for the tensor category is 
given by {U,pY :— {U^,p^) and 

dfu;p) ■= du ° Qd^v (^p) and bf^.^^ := {p id^v) o b^ ■ (2.17) 
An analogous statement holds for a right duality. 

d) If a braided tensor category C with duality has a twist, then a twist for is given by 
O^.p) ■ = P°du- follows in particular that when C is ribbon, then carries a natural 
structure of ribbon category as well. 

Further, dimensions in are given by 

dim^((t/;p)) =tr(p). (2.18) 

(v) By the observation in Remark 2.6 it thus follows that for every idempotent p G Hom(y, V) 
in an additive Karoubian ribbon category one has dim(V") = dim(Im(p)) + dim(Im(i(iv'~p))- 
In particular, if all dimensions are non-negative real numbers, then dim(t/) < dim(l^) if U 
is a retract of V. 

Lemma 2.9 : 

For F: C^V a functor between categories C and V, let F^: C^— be the functor 
between their Karoubian envelopes given by 

F^(([/;p)) := (F([/);F(p)) and F^(/) := F{f) (2.19) 

for objects (C/;p) and morphisms / of C^. 

(i) If F is an equivalence functor, then so is F^. 

(ii) If C and V are tensor categories and F is a tensor functor, then F^ is a tensor functor, 
too. 
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(iii) If C and V are ribbon categories and F is a ribbon functor, then is a ribbon 
functor, too. 

Proof: 

(i) is derived easily by using the criterion of Proposition 2.3 for a functor to be an equiv- 
alence. 

(ii) and (iii) follow by combining the respective properties of F with the prescription given 
in Remark 2.8(iv) for the tensor and ribbon structure on the Karoubian envelope of a 
tensor and ribbon category, respectively. □ 

In the applications to rational conformal quantum field theory, the categories of main 
interest are ribbon categories that are even modular in the sense of Definition 2.2. In the 
present paper, also categories with much less structure play a role. However, a few basic 
properties (shared in particular by modular tensor categories) will generally be required 
below. We will not mention these properties repeatedly, but rather collect them in the 

Declaration 2.10: 

(i) Every category C is a small additive category, with all morphism sets being vector 

spaces over some fixed field k. 

Whenever a tensor category is not strict, we tacitly replace it by an equivalent strict tensor 
category. 

(ii) Unless stated otherwise, every category is a assumed to be Karoubian. 

(iii) Unless stated otherwise, the tensor unit 1 e Obj(C) of a tensor category C is simple, 
as well as absolutely simple, i.e. satisfies End(l) =kidi. 

For the categories from which our considerations start, all these properties are assump- 
tions. On the other hand, various constructions of new categories that we deal with in 
this paper - taking the Karoubian envelope (introduced in Definition 2.7), the Karoubian 
product (see Definition 6.1(ii)), the dual (Definition 6.13), the category of modules over an 
algebra, and the category of local modules over a commutative symmetric special Probenius 
algebra (Definition 3.20) - preserve the properties in part (i) and (ii) of the declaration; 
the procedures of taking the Karoubian envelope, the dual, or the Karoubian product in 
addition also preserve the properties stated in part (iii). Below this permanence will be 
mentioned only when it is non-trivial. 

Definition 2.11 : 

For U an object in a (not necessarily Karoubian) category C, let if be a subset of the set 
Idem(C/) of idempotents in End(^7). 

(i) A maximal idempotent in H is a. morphism Pj^^^ G H such that 
for all qeH. 
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(ii) A maximal retract with respect to H is a retract of U such that Pu is a maximal 
idempotent in H. 

Lemma 2.12 : 

If a set HQ Idem(C/) contains a maximal idempotent, then this maximal idempotent is 
unique. 

Proof: 

Let P^^^ and P^^^^ be two maximal idempotents in H. Then P^^-^ o P^^ = P^^^ by the 
maximahty of P^^^ and P^^x ° ^ax = ^ma^ by the maximahty of P^^^. □ 

Corollary 2.13 : 

If a maximal retract with respect to some H C Idem(C/) exists, then it is unique up to 
isomorphism of retracts. 

Lemma 2.14 : 

Let H C Idem(f/) be a set of idempotents on an object U for which a maximal retract -fJnax 
exists and is split. Then for any split idempotent P eH, the image Im(P) is a retract of 

Proof: 

We realise both Im(P) and Im(i^g^^) as retracts of the object U, i.e. write (Im(P),e, r) 
as well as (Im(i^^), e^^^^, r^^^). Then the morphisms e := v^^o e e Hom(Im(P), Im(i^3^)) 
and f :=r o Cjna^ e Hom(Im(i^3^), Im(P)) obey roe — idi^(^p) owing to the maximahty of 
P . □ 

max 

2.3 Frobenius algebras 

The notion of an algebra over some field Ik has an analogue in arbitrary tensor categories. 
A k-algebra is then nothing but an algebra, ^ in the category-theoretic sense, in the par- 
ticular tensor category Vec^k of vector spaces over the field k. 

Definition 2.15: 

An (associative) algebra (with unit) A in a tensor category C is a triple {A, m, rj) consisting 
of an object A of C, a multiplication morphism m e Hom(A(8)A, ^4) and a unit morphism 
T) e Hom(l, A), satisfying 

mo [m<S> icU) — mo (icU <S> m) and mo [r](S> i<ii) = — mo (icU <S> rj) . (2.21) 

^ In using the term 'algebra' we follow the terminology in e.g. [40, 26, 34]. In a large part of the 
categorical literature (see e.g. [30, 38, 44]), the term 'monoid' is used instead. 
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Other algebraic notions familiar from Vectt generalise to arbitrary tensor categories, 
too. In particular, a co-algebra in C is a triple {A, A, e) consisting of an object A, a 
comultiplication A G Hom(y4, A® A) and a counit e G Hom(y4, 1) possessing coassociativity 
and counit properties that amount to 'reversing all arrows' in the associativity and unit 
properties (2.21). Again a pictorial notation for these morphisms is helpful; we set 





respectively. 



Definition 2.16 : 

A left module over an algebra A G Obj(C) is a pair M = (M, p) consisting of an object M 
of C and a representation morphism p = pj^j G Hom(A®M, M), satisfying 

p o (m (g) idj:j) = po (idA ® p) and po [j]® idjyj) = id^j^ . (2.24) 

By taking the A-modules as objects and the subspaces 

Hom^(Ar, M) := {/ G Hom(iV, M)\fop^ = p^,o {idA®f)} (2.25) 

of the C-morphisms that intertwine the A-action as morphisms, one gets the category of 
left A-modules, which we denote by Ca- Analogously one defines right A-modules and their 
category. For brevity we will often refer to left A-modules just as A-modules. An A-module 
is called a simple module iff it is a simple object of Ca- For U G Obj(C), the induced (left) 
module lndA{U) is equal to A^U as an object in C, with representation morphism m ® idu; 
the full subcategory of Ca whose objects are the induced A-modules will be denoted by 
Ca"^. (For more details see e.g. [26, 20] and Sections 4.1-3 of [18].) When an A-module N 
is a retract, as an object of Ca, of an A-module M, we refer to it as a module retract of M. 
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Remark 2.17: 

(i) If {A,m,r)) is an algebra in a tensor category C, then {{A; idA),m,ri) is an algebra in 
its Karoubian envelope C^. Analogous statements hold for coalgebras, Frobenius algebras 
etc. 

(ii) If (M, p) is an A-module in a tensor category C and p e Honi4(M, M) is a split idem- 
potent in Ca, then 

(Im(p),ropo(icU«)e)) (2.26) 
(with eor—p as in (2.11)) is an A-module in C, too. 

Lemma 2.18 : 

For any algebra A in a tensor category C, the category {Ca) is equivalent to a full sub- 
category of {C^)a- 

In particular, if C is Karoubian, then so is the category Ca of ^-modules in C. 
Proof: 

The first statement follows from the fact that if M = (M, p) is an 74-module in C and 
peHom^(M, M) is a (not necessarily split) idempotent, then 

{{M;p),pop) (2.27) 

is an (^4; icii)-module in the Karoubian envelope C^. 

Since Ca is a full subcategory of {Ca)^, the second statement is a direct consequence of the 
first. More explicitly, for any A-modulc M — (M, p), every idempotent p e Hom^(M, M) is 
in particular an idempotent in Hom(M, M). Since C is Karoubian, there is thus a retract 
(Im(p),e,r) in C Defining 

Pp:=ropo{idA(E)e) , (2.28) 

we also have eo ppO (idA®r) = po po (idA^p). Thus (Im(p), pp) e Obj(CA) is a submodule 
of M, and hence p is split as an idempotent in C^. □ 

Remark 2.19: 

Conversely, if ((M; p), g) is an (A; ic(4)-modulc in C^, with p an idempotent that is already 
split in C, then using the fact that g GKom^ {{A; idA)®{M;p), (M;p)) means (see (2.14)) 
that 

po go (idA0p) ^ g, (2.29) 

one checks that 

Mp^g := (Im(p), gp) with g^-.^rogo {idA®e) (2.30) 
is an ^-module in C. 

Also, when the condition that the idempotent p is split is not imposed (so that Im (p) 
does not necessarily exist), one might be tempted to directly interpret the pair {M,g) 
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as a module. But this is not, in general, possible. While (M, g) does satisfy the first 
representation property g o (id^ ^ g) = go (^m^ ^(^m)^ fo^ V -'<^m second representation 
property fails, go {rj® idj^.^) =p. 



Definition 2.20 : . . 

An A-himodule is a triple M = (M, pi, pr) such that (M, pi) is a left A-module, (M, pr) is a 
right A-module, and the left and right actions of A commute. 

The category of A-bimodules in C will be denoted by Ca\a- Note that in contrast to C4, 
this is always a tensor category (though not necessarily braided). 

In a braided tensor category, for every object V the induced left ^-module {A^V, m^idv) 
can be endowed in two obvious ways with the structure of a right A-module {A(^V, pf ); 
the representation morphisms pf = py^ G lA.om.{A®V®A, A®V) are 

p'^ := (m (g) idy) o (icti ® Cy^^) and p7 := (m (g) idy) o (id^ (cA,y)~^) , (2.31) 

respectively. These are used in 

Definition 2.21 : 

For A an algebra in a braided tensor category C, the functors 

a^: Ca\a (2.32) 
of a-induction are defined on objects as 

a^{V) := {A®V, m^idy, pf) (2.33) 
for V G Obj(C), and on morphisms as 

a±(/) := idA ® / e Hom(A®K, A®W) (2.34) 

for /GHom(V,iy). 

The a-inductions are indeed functors, even tensor functors, from C to the category 

Ca\a of A-bimodules. They were first studied in the theory of subfactors (see [28] and also 
e.g. [47, 6, 8]), and were reformulated in the form used here in [37]. 

We will mainly be interested in algebras with several specific additional properties, 
which arise e.g. in applications to conformal quantum field theory [18]. 

Definition 2.22 : 

(i) An algebra A in a tensor category with left and right dualities together with a morphism 
e e Hom(y4, 1) is called a symmetric algebra iff the two morphisms 



$1 := [(eom) (gid^v] o (idA ® 6a) = (\ (2.35) 
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and 



$2 := [idA-^ ^{eo m)] o (6^ (g) icU) = 



A 

in Hom(A, A^) are equal. 

(ii) A Frobenius algebra in a tensor category C is a quintuple {A,m,ri, A,6) such that 
{A, m, 1]) is an algebra in C, {A, A, e) is a co-algebra in C, and there is the compatibility 
relation 

(icU (g) m) o ( A (g) id4) = A o m = (m (g ic^) o (id^ (g A) (2.37) 

between the two structures. 

(iii) A Frobenius algebra is called special iff 

eoT] = Pi idi and mo A = Pa idA (2.38) 

for non-zero numbers Pi and Pa- 

Recently [34, 44], in order to emphasise the analogy with classical non-commutative 
ring theory (compare e.g. [22]), the term "strongly separable" was introduced for what we 
call "special". 

For a symmetric special Frobenius algebra A one has PiPa = dim(A), implying in par- 
ticular that dim(A) ^ 0. It is then convenient to normalise e and A such that Pi = dim{A) 
and Pa = ^- We will follow this convention unless mentioned otherwise. We also set 

£(, := dA o (id^v (g m) o (Ia ® idA) e Hom(A, 1) (2.39) 

and write $i for the morphism that is obtained by replacing e in the expression (2.35) by 

Remark 2.23 : 

(i) If y4 is a special Frobenius algebra then, with the normalisation Pa = 1, {A,A,m) is 
a retract of A® A. The Frobenius property ensures that this statement holds even at 
the level of A-bimodules. This bears some similarity to the situation in braided tensor 
categories where the notion of a bi- algebra can be defined. In fact, the property of an 
algebra A to be a bi-algebra is equivalent to the statement that the coproduct endows A 
with the structure of a retract of A (g A as an algebra, rather than as a bimodule. 

(ii) When C is semisimple and A is special Frobenius, then the category Ca of left A-mo- 
dules is semisimple [20]. 




(2.36) 
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(iii) For modules over any algebra A in a tensor category C a reciprocity relation holds, 
stating that for every left A-module M and every object U olC there is a canonical bijection 



01 : Hom^(Ind^(t/),M) ^ Hom(f/, M) 40) 

between morphism spaces in C and in Ca- If A is Frobcnius, then an analogous reciprocity 
relation also holds when the target of Hon\4 is an induced module, 

02: RomA(M,IndA{V)) ^ Rom{M,V) 41) 

In other words, for an arbitrary associative algebra, the induction functor is a left adjoint 
functor of restriction; if the algebra carries the additional structure of a Frobenius algebra, 
then induction is a right adjoint of restriction as well. 

The inverses of the maps (2.40) and (2.41) can also be given exphcitly; they are 

(Pi^if) = Pmo (idA^f) and 

(2.42) 

^2 ^(5) = [idA ^{go pm)] o [(A o 77) idj^] . 



For a proof see e.g. Propositions 4.10 and 4.11 of [20]. 

(iv) Given an algebra {A, m, vj) with dim(A) 7^ in a sovereign tensor category C, mor- 
phisms A and e such that (^4, m, 77, A, e) is a symmetric special Frobenius algebra exist 
iff the morphism $i^t, defined after (2.39) is invertible. Further, it is always possible to 
normalise e in such a way that e = e^. With this normalisation of the counit the coproduct 
A is unique, and one has j3i = dim(74). 

For a proof see lemma 3.12 of [18]. 

(v) For every Frobenius algebra A in a tensor category with left and right duality, the mor- 
phisms $1^2 in (2.35) and (2.36) are invertible (see lemma 3.7 of [18]), so that in particular 
A^A^. Using Hom(C/, y) = Hom(y^, C/^) it follows that for any two Frobenius algebras 
A, B in a tensor category with left and right duality we have 

Hom(A, B) ^ Hom(5, A) . (2.43) 

For symmetric Frobenius algebras, there is a single distinguished isomorphism between the 
object underlying the algebra and its dual object, and as a consequence there is also a 
distinguished bijection (2.43). 

(vi) If dimjj Hom(l, A) =0? for a Frobenius algebra ^4 in a tensor category with left and 
right duality, then /("^^ := 1©1© • • • ©1 {d summands) is a retract of A. Indeed, as just 
remarked the morphisms $1,2 are then invertible, and it is not difficult to see that one can 
choose G Hom(l, A), i = l,2, ... ,d, such that e omo [ai^ aj) =Sij. (This furnishes a 
non-degenerate bilinear form on Hom(l, ^4) and thus endows Hom(l, ^4) with the structure 
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of a Frobenius algebra in Vectk-) Further, there are retracts (l,ej,rj) of I^'^^ satisfying 
o Cj = 6i,j and X]f=i o Tj = icU- The retract in question is then given by (/*-'^\ e, r) with 
e := X]f=i ° and r := Xl^^i o e o m o (a^ icU). 

(vii) In terms of our graphical calculus, the property of an algebra to be symmetric Frobe- 
nius in essence implies that multiplications and/or co multiplications can be moved past 
each other in all possible arrangements. Examples for such moves are provided by the defin- 
ing properties (2.23) and (2.37). Another move, which is frequently used in our calculations 
below (without special mentioning), is the following: 



A A"-^ A A A^ A 




(2.44) 



A A 

This identity uses both the symmetry and the Frobenius property. First note that the 
latter two properties imply 

[{e o m) (g) idyiv] o [idA ® (&a ° d^)] o [(A or/)® idAv] = id^v . (2.45) 

To show (2.44), we insert this identity on the outgoing A^-ribbon on the left hand side. 
Then we use the Frobenius property to convert the product m on the left hand side of 
(2.44) into a coproduct. The latter can then be moved past the coproduct already present 
in (2.44) using coassociativity. Finally the coproduct is converted back to a product using 
the Frobenius property once again. 

The properties of an algebra A to be symmetric, special and Frobenius are all in- 
dispensable in the construction of a conformal field theory from A. Further properties of 
A can be important in specific applications. For us the following is the most important one: 

Definition 2.24: 

An algebra A in a braided tensor category is said to be commutative (with respect to the 
given braiding) iff m o ca.a = 

Note that m o ca,a = mis equivalent to m o = rn. Also, while in general the category 
Ca of left A-modules is not a tensor category, a sufficient condition for Ca to have a tensor 
structure is that A is commutative. The tensor structure is not canonical, though, because 
in this case one can turn a left A-module into an A-bimodule in two different ways by using 
the braiding to define a right action of A. However, we will see later (see also [40, 26]) 
that for commutative A there is a full subcategory of Ca-, namely the category Ca" of local 
A-modules, on which the tensor structure is canonical. 
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In the classical case, i.e. for algebras in the category of finite-dimensional vector spaces 
over a field, commutative Frobenius algebras are automatically symmetric. In a braided 
setting this is not true in general, but only if an additional condition is satisfied. More 
precisely, we have 

Proposition 2.25: 

(i) A commutative symmetric Frobenius algebra has trivial twist, i.e. 9a = idA- 

(ii) Conversely, every commutative Frobenius algebra with trivial twist is symmetric. 

(iii) A commutative symmetric Frobenius algebra is also co commutative. 
Proof: 

(i) The statement follows from the equivalence 

A-' A-' 9 




(2.46) 



A A A A A A 



This is obtained by bending the outgoing A^-ribbon via a duality morphism downwards 
to the left, which replaces the morphism $12 by rf^ o (id^ $1^2)- 

Assuming symmetry, the left equality in (2.46) holds true. After using commutativity on 
the left equality, the two sides differ only by a twist. Tensoring this equality with icU from 
the right and then composing with icU ( A o r^) and using the Frobenius property finally 
yields Oa = icIa- Here, as well as in many arguments below, the manipulations of the graphs 
also involve a process of 'deforming' ribbons, making use of the defining properties of the 
braiding (in particular, functoriality) , duality and twist. 

(ii) If A is commutative and has trivial twist, the right equality in (2.46) holds, implying 
that A is symmetric. 

(iii) is obtained by the following moves: 




(2.47) 



Here the first equality uses the Frobenius and unit properties, the second uses commuta- 
tivity, the third the Frobenius and counit properties. The last equality is based on the 
symmetry property together with the result of (i). □ 
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Definition 2.26 : 

An algebra A is called simple iff all bimodule endomorphisms of A as a bimodule over itself 
are multiples of the identity, i.e. Hom^|^(74, ^4) — kidA- 

Lemma 2.27: 

Let A be a simple symmetric special Probenius algebra. Then for every left 74-module M 
the equality 

dM ° (Pm ® idMv) o {idA ^ 6m) = dSiff)^ e (2.48) 

holds. 
Proof: 

The morphism / := [id^ ®{dj^o [pM®idj^w) o [idA®hj^))] o A is an A-bimodule morphism 
from A to A. That / is a left module morphism follows from the Frobcnius property of A, 
while to show that it is also a morphism of right vl-modules one needs A to be symmetric. 
Since A is simple, / is thus a multiple of id^. Since so f gives the left hand side of 
(2.48), the constant of proportionahty is the same as on the right hand side of (2.48). This 
constant, in turn, immediately follows from eo f orj — tr idj^. □ 



Remark 2.28 : 

(i) In the following an important role will be played by the dimensions of certain spaces 
Hom^|A(M, N) of 74-bimodule morphisms between a-induced bimodules. (Recall the Def- 
inition 2.21 of a-induction.) For any pair U, V of objects and any algebra A in a ribbon 
category we set 

Z{A)^y := dimt [RomAiAiaXiV), a+{U))] . (2.49) 
Since A = a^{l), simplicity of A as an algebra is thus equivalent to 

Z(A)i,i = l. (2.50) 

The corresponding notion with left (or right) module instead of bimodule endomorphisms 
is haploidity: A is said to be haploid [20] iff Hom^(yl, A) = kidA, i.e. iff dim Hom(l, A) = 1. 
Haploidity implies simplicity, but the converse is not true; however, if A is commutative, 
then we have Hom^|^(A, A) = Hom^(A, A), so that in this case haploid and simple are 
equivalent. Moreover, every simple special Probenius algebra in a semisimple category is 
Morita equivalent to a haploid algebra (see the corollary in Section 3.3 of [37]). 

(ii) Every modular tensor category gives rise to a three-dimensional topological field theory, 
and thereby to invariants of ribbon graphs in three-manifolds. (See e.g. [24] or, for a 
brief summary. Section 2.5 of [16].) In the three-dimensional TFT ribbons are labelled 
by objects of the underlying modular tensor category and coupons at which ribbons join 
by corresponding morphisms; our graphical notation for morphisms fits with the usual 
conventions for drawing the ribbon graphs. For instance, as shown in Section 5.4 of [18], 
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when A is a symmetric special Frobenius algebra in a (semisimple) modular tensor category, 
then the numbers (2.49) for simple objects U = Ui and V = Uj coincide with the invariant 




(2.51) 



of the indicated ribbon graph in S"^ x S^. (The 5*^ factor is represented by the horizontal 
circles, while the factor is given by the vertical direction, i.e. top and bottom of the 
figure are to be identified.) In Theorem 5.1 of [18] it is shown that for every i,jET 
the invariant Z{A)ij = Z{A)u.^u. is the trace of an idempotent and hence a non-negative 
integer. The torus partition function of the conformal field theory determined by A is 
given by Z{A)ki = Z{A)j^i. Furthermore (see Proposition 5.3 of [18] and [14]) for a modular 
tensor category the integers Zij defined by (2.51) obey Z{A®B) = Z{A) Z{B) as a matrix 
equation. 



27 



2.4 Left and right centers 

In this subsection, A denotes a symmetric special Frobenius algebra in a ribbon category 
C. In a braided setting, there are two different notions of center of an algebra, the left and 
right center; we establish some properties of the centers that we will need. 

The notion of left and right center was introduced in [45] for separable algebras in 
abelian braided tensor categories, and in [37] for algebras in semisimple abelian ribbon 
categories. Here we formulate it in terms of a maximality property for idempotents; this 
makes it applicable even to non-Karoubian categories, provided only that the particular 
idempotents 




(2.52) 



in Hom(y4, A) are split. That are idempotents follows easily by using the various 
properties of A; for P\ this is described in lemma 5.2 of [18] (setting X = 1 there), and for 
the argument is analogous. 

These idempotents possess several nice properties. First, we have 
Lemma 2.29 : 

The idempotents (2.52) satisfy the following relations. 

(i) They trivialise the twist: 

e^oPl = Pl and ej^oPl = Pl. (2.53) 

(ii) They are compatible with unit and counit: 

P^/'-or] = r], eoPjl' = e. (2.54) 

(iii) When each of the three A-ribbons forming a product or coproduct is decorated with 
P^/^ ^ then any one of the three idempotents can be omitted: 

P'/ o m o [P'Z ® P'/) = m o {P'Z ® P'/) 

= P'/ o m o (ict, ® P'/) = P'/ o m o {P'Z ® id^) , 

(2.55) 

(Pj/'^ ® Pj/^ ° A ° Pa^ = (Pa' ® Pa') ° A 

= (id^ ® P'/) o A o Pj/'^ = (Pj/" ® id^) o A o Pj/^ . 
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Proof: 

(i) The statement for P\ follows by the moves (the one for is derived analogously) 



A A A 




(2.56) 



A A A 



To get the first equality one uses the Frobenius property and then suitably drags the 
resulting coproduct along part of the A-ribbon. A further deformation and application of 
the Frobenius property then results in the second equality. 

The statements in (ii) and (iii) are just special cases of the statements of Lemma 3.10 
below - they follow from those by setting B = 1. □ 

Next recall the Definition 2.11 of maximal idempotent. It turns out that P\ and i^' 
can be characterised as being maximal in a subset of Idem(^) that is defined by a relation 
involving the braiding and the product of A: 

Lemma 2.30 : 

The subset Hi C Idem(yl) consisting of those idempotents p in End(A) that satisfy 



A A A A A A 




(2.57) 



A A A A A A 

contains a maximal idempotent, and this is given by P\ in (2.52). 
Analogously, the subset Hr of those idempotents p in End(yl) satisfying 

A A A A A A 




(2.58) 



A A A A A 
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contains a maximal idempotent, given by in (2.52). 
Proof: 

We prove the statement for P\; the statement for PJ^ follows analogously. 
Consider the transformations 



A A A A 




A A A A A A A A 



(2.59) 

In the first step the identity icU = (er^icti) o A is inserted in the top A-ribbon, and after- 
wards the coproduct A introduced this way is moved along a path that can easily be read 
off the second picture, using the Frobenius and coassociativity properties of A. The next 
step is just a deformation of the outgoing A-ribbon. The third step uses that A is sym- 
metric, and then the Frobenius property. 

Afterwards, according to Lemma 2.29 the twist 9^^ can be left out. This establishes that 
P\ satisfies the first of the equalities (2.57). That P\ satisfies the second of those equalities 
as well is deduced similarly, starting with an insertion of the identity icU = mo {ri®idA) on 
the incoming A- ribbon. Together it follows that Pj^eHi. 

Furthermore, composing the first equality in (2.57) from the bottom with idA®hA and 
from the top with (id^ ® (i^) o (A ® idyiv) shows, upon using the symmetry, specialness 
and Frobenius properties, that p = P\op for p^Hi. Similar manipulations of the second 
equality in (2.57) show that also p = po P^ for p e Hi. Thus is maximal in Hi. □ 

Definition 2.31 : 

(i) We call the morphism P\ defined in (2.52) the left central idempotent of the symmetric 
special Frobenius algebra A, and P^ the right central idempotent of A. 

(ii) The left center Ci{A) of the symmetric special Frobenius algebra A is the maximal 
retract of A with respect to Hi. 

The right center Cr{A) of A is the maximal retract of A with respect to H^. 

According to Lemma 2.30 the left and right central idempotents P^^"^ are the maximal 
idempotents of the subsets Hi and Hr of Idem(A), respectively. It follows that the left 
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(right) center of A exists iff the left (right) central idempotent is split; if this is the case, 
then by corollary 2.13, Ci/r{A) is unique. In the sequel we will often use the short-hand 
notation Ci and Cr for Ci{A) and Cr{A), respectively. Also note that the definition of the 
centers involves both the algebra and the coalgebra structure of A; in place of the term 
center one might therefore also use the term 'Frobenius center'. 



Lemma 2.32 : 

Any retract {S, e, r) of a symmetric special Frobenius algebra A that obeys m o ca,a ° {^s^a 




icti) and (r. 



A)~S ' 



'id 



A: 



'A)~S ' 



and 



' id/i) o A, i.e. 




(2.60) 



also satisfies 



Pa ° ^s<A 



fid 



and 



Similarly we have 

^ ° Ca,a ° i^dA ® Cs^a) =mo (idA ® e^^^) 



''Ays ° ^A 



'AyS ' 



Pa ° '^s^A 



-S^A 



A 



^Ays ° Pa — ^AyS ■ 



(2.61) 



(2.62) 



S^A ° ^AyS 



Proof: 

Composing (2.60) from the bottom with r (g) idA shows that the idempotent p = e 
satisfies the first of the equalities (2.57). Analogously one shows that p also obeys the 
second of those equalities, and hence it is contained in Hi. Thus the relations (2.61) are 
implied by (2.60) together with the maximality property of P^. 

The implication (2.62) is derived analogously. □ 



Lemma 2.33 : 

The left and right center of a symmetric special Frobenius algebra A have trivial twist: 

Oci(A) = idciiA) , 0Cr(A) = idcr{A) ■ (2.63) 

Proof: 

The statement follows immediately from the relations (2.53). (Conversely, (2.53) follows 
from (2.63) by functoriality of the twist.) □ 
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Remark 2.34: 

As a consequence of Lemma 2.32 the centers obey 

A A A 



A 




(2.64) 



Ci{A) A Ci(A) A A Cr{A) A Cr{A) 



respectively, as well as 

Cl A Cl A A Cr A Cr 




(2.65) 



Cl Cl Cr Cr 



together with the 'mirrored' versions of these eight identities that are obtained by reflecting 
all the figures about a vertical axis. For instance, to establish the last of the equalities 
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(2.65), one can start with the Probenius relation (2.37) composed with ec^^A<8)?7, then 
apply the mirrored version of (2.64) to the resulting product, and finally use the symmetry 
and Frobenius properties to remove the unit that was introduced in the first step. 

In the Definition (2.49) of the numbers Z{A)uy the two different a-inductions were 
used. The corresponding morphism spaces for ^-inductions of the same type turn out to 
be related to the centers of A. To see this we first need 

Lemma 2.35 : 

Let A be a symmetric Frobenius algebra in a ribbon category C and U,V E Obj(C). Then 
for any 9?"'" G B.omA\A{o:^ {U) , a^{V)) and any ip~ G Hom^|yi(a^(?7), a^{V)) we have 

(Pj ® idy) o (^+ = (^+ o (Pj ® idt/) and {PX ^ idy) o cp' ^ cp' o {P^ ^ idu) ■ (2.66) 
Proof: 

Using functoriality of the braiding and the fact that A is symmetric Frobenius one easily 
rewrites the morphism Pj/^ (8) idu in such a way that it involves the left and right action of 
A on the bimodule a^iU). Since is a morphism of bimodules, these actions of A can 
thus be passed through ip"^ (using again also functoriality of the braiding). Afterwards one 
follows the steps used in rewriting idu in reverse order, resulting in i^' (g) idy- Q 

Using this lemma, we deduce the following relation with the centers of A. 

Proposition 2.36 : 

For any symmetric special Frobenius algebra Am a. ribbon category C and any two objects 
[/, y e Obj (C) there are natural bijections 

Y{om{Ci{A)®U, V) ^ Hom^|^(a+(t/), a+iV)) ^ Hom([/, Ci{A)®V) (2.67) 

and 

Yiom{Cr{A)®U, V) ^ RouiAiAiaXiU), a^(V)) = Hom(;7, C,(A)(g)1/) . (2.68) 

Proof: 

We prove the first bijection in (2.67), the proof of the others being analogous. 
Let us abbreviate Ci{A) = C as well as eci{A)^A = e and VA^^CiiA) = f^- Consider the mappings 
$: liom{C(g)U,V)^}lom{A®U,A®V) and ^: RomA\A{a^{U),aX{V)) ^}iom{C®U,V) 
defined by 

^cp) := {idA ^<p)o[ {{idA (8) r) o A)) ® idu] , 

(2.69) 

*(V') := (e ® idv) o ^ o (e (g) idu) ■ 

It is not difficult to check that for any (p G Hom(C®[/, V), ^{(p) intertwines both the left 
and the right action of A on a^-induced bimodules, and hence the image of $ lies actually 

in }iomA\A{oi^{U),a^{V)). 

Furthermore, $ and ^ are two-sided inverses of each other. That ^ o ^((p) — (p is seen 
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by just applying the defining property of the counit and then using roe — idc, while to 
establish $ o ^(■0) — ijj, one invokes Lemma 2.35 to move the idempotent eor — P^ arising 
from the composition past ip and then uses e o P^ = e (Lemma 2.29(ii)). □ 

It follows that in case a right-adjoint functor {a^Y exists, the composition of with 
its adjoint functor is nothing but ordinary induction with respect to Ci/r{A), followed by 
restriction to C. 

We are now in a position to establish 
Proposition 2.37: 

The left and right centers Ci/r of a symmetric special Frobenius algebra A inherit natural 
structure retract of A. More precisely, we have: 

(i) Ci and Cr are commutative symmetric Frobenius algebras in C. 

(ii) If, in addition, A is simple, then Ci and Cr are simple, too. 

(iii) If Ci/r is simple, then it is special iff dim(C;/r) ^0. 

Proof: 

(i) We set 

"mc := rc o m o (ec ^ ec) , Ac := {re rc) o A o , 

(2.70) 

Vc-^rcor), £c:^C^°^c, 

for some C^ll^^) where C = C;/r, and with ec = e^^^, and rc = Tj<^-^(j the embedding and 
restriction morphisms, respectively, for C as a retract of A. That is, for the product and 
the unit on C we take the restriction of the product on A, whereas the coproduct and the 
counit are only fixed up to some invertible scalar. 

That Tjc and Sc satisfy the (co-)unit properties follows from the corresponding properties 
of A, by Lemma 2.29(ii). The (co-)associativity of mc and Ac as well as the Frobenius 
property are checked with the help of Lemma 2.29(iii). Thus (Q/^, mc, r^c, ^c, £c) are 
indeed Frobenius algebras. 

That Ci is commutative is seen by composing the first of the equalities (2.64) with id^ ® 
from below and with from above. Commutativity of Cr follows analogously. Further, 
commutativity together with triviality of the twist (lemma 2.33) imply that C is symmetric. 

(ii) It follows from (2.67), with U — V — 1, and simplicity of A that C is haploid, and hence 
in particular simple. 

(iii) The first specialness property holds independently of the value of the dimension of C: 
with the help of (2.54) one finds £c o rjc = C dim{A) , which is non-zero. 

Denote by G Hom(A, 1) the morphism defined as in equation (2.39), but with the 
Frobenius algebra C in place of A. Since C is commutative and simple, it is also haploid, 
and hence this morphism must be a multiple of Sc- The constant of proportionality can 
be determined by composing the equality with rj; the result is 

_ dini(CO 1 , . 

- dii^^(]4) C ■ (2.71) 
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It follows that £(7,^ and Sc are non-zero multiples of each other iff dim(C) 7^ 0. On the other 
hand, equality of of ^ci] and Sc up to a non-zero constant is equivalent to specialness of 
the symmetric Frobenius algebra C; see lemma 3.11 of [18]. 

(Note that we recover our usual normalisation convention for special Frobenius algebras 
by fixing the scalar factor ^ in (2.70) to C= dim(C)/ dim(y4) .) □ 

Remark 2.38: 

(i) Part (ii) of the proposition generalises the classic result that the center of a simple 
C-algebra is just given by C 

(ii) Alternatively, symmetry of Q/^ follows by combining symmetry of A with the identity 

eoP^"^ = e (Lemma 2.29(ii)). As a consequence, triviality of the twist of Ci/r (Lemma 
2.33) or, equivalently. Lemma 2.29(i), can also be deduced by combining Proposition 2.37 
with Lemma 2.29(ii). 

(iii) In the proof of Proposition 2.37(iii) above, as well as at several other places below, 
we use conventions and results from [18]. In [18], which builds on earlier studies in [16] 
and [20], the relevant categories are assumed to be abelian and semisimple. The proofs of 
those results from [18] that are employed in this paper are, however, easily adapted to the 
present setting. 

We close this section with another helpful result, to be used later on, in which the cen- 
tral idempotents (2.52) arise. We present the formula with an analogous formula with 
Pj^ holds in which the braiding on the left hand side is replaced by the opposite braiding. 

Lemma 2.39 : 

For A a symmetric special Frobenius algebra in a ribbon category C, U and V objects of 
C, and $ e Hom(y4(g)?7, A®V) the following identity holds: 

A V A V 



(2.72) 



A U A U 
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Proof: 

Consider the following manipulations. 



A V A V A V 




A U A U A U 



(2.73) 

Here in the first step the coproduct and product in the left A- loop are dragged apart, using 
that A is Frobenius, along the A-ribbons until they result in the coproduct and product 
above $ in the middle picture. The second step is a deformation of the A-ribbon that 
connects that coproduct and product, using also the properties (2.53) and (2.57) of the 
left central idempotent. 

The left hand sides of the equations (2.73) and of (2.72) are equal owing to specialness of 
A, and their right hand sides are equal because A is special Frobenius. Thus (2.72) follows 
from (2.73). □ 



3 Local modules 

3.1 Endofunctors related to a-induction 

One interesting aspect of symmetric special Frobenius algebras A in a ribbon category C 
is that they allow us to construct functors to the categories of modules over the left and 
right center of A, respectively, which are similar to the induction functor from C to the 
category of A-modules. We call these functors local induction functors. The construction 
makes use of certain endofunctors of C which are associated to A. 

For these endofunctors to exist, the symmetric special Frobenius algebra must have an 
additional property. To motivate this property, recall from Section 2.4 that for the left 
and right center of A to exist, the central idempotents P\^^ defined in (2.52) must be split. 
The construction of the endofunctors makes use of similar endomorphisms for each object 
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f/ of C, namely of the morphisms 

A U A U 




A U A U 



in ¥Lom{A0U ,A®U) . It is easily verified that, just like = (1) these endomorphisms 
are idempotents (for P\{U) this has already been shown in lemma 5.2 of [18].) 



Definition 3.1 : 

A special Frobenius algebra A in a ribbon category C is called centrally split iff the idem- 
potents (3.1) are split for every f/GObj(C). 

Clearly, in a Karoubian ribbon category (and hence in particular in a modular tensor 
category) every Frobenius algebra is centrally split. Recall, however, that occasionally we 
want to allow for non-Karoubian categories. Then we need centrally split algebras in order 
to ensure the existence of the desired endofunctors. Accordingly we make the following 

Declaration 3.2 : 

In the sequel every special Frobenius algebra A will be assumed to be centrally split. 
With this agreement in mind, we can now proceed to 

Definition 3.3 : ^ , 

For A a symmetric special Frobenius algebra in a ribbon category C, the operations EJ^ 

are defined on objects and morphisms of C as follows. 
For U e Obj(C), E^/iU) are the retracts 

E[{U) ■.= lmPl{U) and E^{U) ■.= lmPX{U) (3.2) 

of the induced module A^U, with the idempotents P^^' {U) G Yiom^A^U ^A®U) given by 
(3.1). 

For / e Hom(t/, V), Ef {f) e YLom{Ef{U), Ef {V)) are the morphisms 

1 1 



V 

u 



V 

m 

u 



(3.3) 
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with e = e„i/T 



and r = r 



'A(S>VyE^'~(V)- 



Let us remark that this construction is non-trivial only in a genuinely braided tensor 
category. For, when C is a symmetric tensor category, the projection just amounts to 
considering the objects C ®U ^ where C is the center of the algebra A. Note that these 
are precisely the objects that underlie induced C-modules; as we will see later, the objects 
E^^(U) naturally carry a module structure, too: they are modules over the left and right 
center of A, respectively 

Proposition 3.4: 

The operations E^^ are endofunctors of C. 



Let E stand for one of Ej^, E^. It follows from the definitions (3.1) and (3.3) that for 
any g e Hom(C/, V) we have E{g) e Hom(£'(C/), E{V)), i.e. E{g) is in the correct space. It 
remains to check that for any g' e Hom(y, W) one has E{g' o g)= E{g') o E{g) and that 
E{idu) = idE(u)- The second property is obvious because E'/^{idu) =r''^^o e''^^ is indeed 
nothing but the identity morphism idE{u) on the retract. For the first property we note 
that, writing out the definitions for E[g' o g) and E[g') o E{g), these two morphisms only 
differ by an idempotent (3.1). By functoriality of the braiding we can shift this idempotent 
past g so that it gets directly composed with the embedding morphism e, and then (2.11) 
tells us that it can be left out. □ 

These functors are, however, in general not tensor functors. 

The following lemma will be used in the proof of Proposition 3.6. 

Lemma 3.5 : 

(i) For every symmetric special Frobenius algebra A in a ribbon category C and every 
U e Obj(C), and with right ^4- actions pf defined as in (2.31), we have 



Proof: 



PiiU) o p- 



Pi{U) o{m^ idu) o (icU c^_V) 

Pa(U) o ([m o ca,a o (idA <8) Oj^)] (g) idu) ° (jcU <8) cu,a) , 



(3.4) 



PX{U)op^ 



,+ 



PliU) o{m® idu) o {idA ® cu,a) 

PX{U) o ([m o CA,A o {idA ® Oa^)] ® idu) o {idA ® c'/^u) ■ 



(ii) If A is in addition commutative, then 



Pa{U) o p+ = Pa{U) o p; 



(3.5) 



iorPAU)^Pr{U). 
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Proof: 

(i) The first of the formulas (3.4) follows by the moves 



A U A U A U 




(3.6) 



A U A A U A A U A 



In the first picture, the dotted line is not part of the morphism, but rather only indicates 
a path along which the product that is marked explicitly is 'dragged' (using functoriality 
of the braiding, as well as associativity and the Frobenius property of A) so as to arrive at 
the first equality. The second equality is obtained by deforming the A-ribbon that results 
from this dragging. 

The second of the formulas (3.4) is seen analogously, with under- and overbraidings inter- 
changed. 

(ii) follows immediately form (i) by using that A has trivial twist (Proposition 2.25(i)) 
and the definition of commutativity. (Also, in the commutative case we actually have 
Pj(f/) = Pj-(f/), see the picture (3.23) below.) □ 

Note that, obviously, the assertions made in the lemma are non-trivial only if the tensor 
category C is genuinely braided. The same remark applies to several other statements 
below, in particular to Theorem 5.20. (Compare also to the considerations at the end of 
Section 1.3.) 

Assume now that there exist right-adjoint functors {a^Y to the a^-induction func- 
tors. The following result shows that in this case the endofunctors E^/^ can be regarded 
as the composition of {a^Y with aj. (The result does not imply that such right-adjoint 
functors exist. They certainly do exist, though, if C is semisimple with finite number of 
non-isomorphic simple objects, in particular if C is modular.) 

Proposition 3.6: 

For every symmetric special Frobenius algebra A in a ribbon category C and any two 
objects U,V E Obj(C) there are natural bijections 

Rom{Ej,{U),V) = Hom^|A(«l(f/),«l(V)) = Hom(f/, E;(\/)) (3.7) 

and 

Rom{E^{U),V) ^ Hom^|A(«l(f/),a^(V^)) = Hom([/, EA(V)) . (3.8) 
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Proof: 

Let us start with the first equivalence in (3.7). Recall that according to the reciprocity 
relation (2.41) there is a natural bijection $: Hom(A®?7, l^) ^ Hom^(Inci4(f/), Ind^(l^)), 
and note that the target of this bijection contains the middle expression of (3.7) as a 
natural subspace. 

Furthermore, in view of Lemma 2.4(i), by definition of E^{-) we may identify the left hand 
side of (3.7) with the subspace Hom(pi(^))(A(S)f/, V) of Hom(A(8)[/, V). Thus it is sufficient 
to show that $ restricts to a bijection between this subspace and B.omA\A{a^ (U) , (V)) . 
The map $ and its inverse are defined similarly as in formula (2.69); they act as 

(f ^— s> {idA ® o (A ^ idu) and ip i-* (e idy) o ■?/; (3.9) 

for ip &B.om{ A® U,V) and ■j/' e Homyi(IndA(f/), Indyi(V")), respectively. The following con- 
siderations show that $ and its inverse restrict to linear maps between B.om(^pl^(^^^■^^{A^U, V) 
and }iomA\Ai(y2iU),a^{V)). 

First, for ip e}iom^pj^^jjyj{A(g)U,V) the morphism ^{(f) o p- (U) = ^{ip o P\{U)) o p-(U) is 
given by the left hand side of the equality 



A V A V 




(3.10) 



A U A A U A 



This equality, in turn, is a straightforward application of lemma 3.5. Further, by dragging 
the marked product along the path indicated by the dashed line and deforming the result- 
ing ribbon (using functoriality of the braiding) such that the braiding occurs above the 
morphism ip and omitting again the idempotent Pa{U) then yields the graphical descrip- 
tion of p^iU) o {^{ip)(g)idA). 

This shows that ^{p>) is indeed a morphism of a-induced bimodules. 

The required property of is obtained by the following manipulations, valid for every 
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V^GHoiiU|A(a^(f/),a:i(V)): 

V 





A U 



A U 






V 



(3.11) 



A U 



A U 



A U 



The first equality uses that A is Frobenius; the second and third use functoriahty of 
the braiding and the fact that ip intertwines the A-bimodules a^iU) and aj^(l^) (more 
specifically, that ip is a morphism of left modules for the second, and that it is a morphism 
of right modules for the third equality); and the fourth is just a deformation of the A-loop. 
The last equality combines the fact that A is symmetric Frobenius and the identification 
of the counit with the morphism (2.39). Thus indeed ^'^{ip) o Pj^[U) = ^~^{i{j). 

Next consider the second equivalence in (3.8). In this case we can use the natural bijection 
$: Hom(f/, A®V) ^ Hom^(IndA(f/), lndA{V)) as well as the equivalence Hom(f/, E{{V)) = 
B.om^^^^'^'^\U, A^V), see equation (2.13). Explicitly, the linear map $ and its inverse are 
given by 

(f h-^ (m ® idy) o (ic(4 (g) yj) and ^ ip o {j^ ® idjj) . (3.12) 

Similarly to the argument above, one shows that $ and its inverse restrict to linear maps 
between Hom^^*'^-''*(f/, A®^) and Y{omA\A{(y^A{U) , a]^(y)) . For example, the pictures oc- 
curring in the proof of $(</)) op+(f/) =p~([/) o (<|)(y9)(g)id^) look like the ones in (3.10) 
except that they are 'reflected' about a horizontal axis. 

The remaining two equivalences are derived analogously. □ 
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Remark 3.7 : 

When C is in addition semisimple, then it follows that the objects E^^{U) decompose into 
simple objects as 

E!,iU) = 0(5^ ZiA),, n,) U, and ^ ( ^ Z{A),,) U, , (3. 13) 

with the non-negative integers Uq defined by the decomposition U = 0^ ngllq of U. Thus 
when expressing objects as direct sums of the simple objects f/j with i G X, the action of the 
functor E^^{ ■ ) on objects amounts to multiplication from the left and right, respectively, 
with the matrix Z{A). 

3.2 Endofunctors on categories of algebras 

One datum contained in a Frobenius algebra (5, m. A, r/, e) is the object i?GObj(C), on 
which we can consider the action of the endofunctors EJ^ associated to some symmetric 
special Frobenius algebra A. We wish to show that the objects E^^{B) carry again the 
structure of a Frobenius algebra. (This would be obvious if the functors E^ were tensor 
functors, because then we could simply take E^jl^{m) as the multiplication morphism. But 
this is not the case, in general.) This will imply that E^"^ also provides us with endofunctors 
on the category of Frobenius algebras in C. Since E^/^{B) is a retract of A^B, what we 
first need is the notion of a tensor product of two Frobenius algebras A and B. 

For any pair A, B of Frobenius algebras in a ribbon category there are in fact two natural 
Frobenius algebra structures - to be denoted by Ai^^B = {A0B, m^^^, ^a®-B' 
- on the tensor product object A^B. For the case of 0"'", the structural morphisms are 



A B 

A B 




(3.14) 



A B 

A B 

while for ®~ over-braiding and under-braiding must be exchanged in the definition of both 
the product and the coproduct. One verifies by direct substitution that A^^B is again 
a Frobenius algebra. Further, if A, B are in addition symmetric and special, then so is 
A^^B. An analogous statement holds for A^^B. 
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In the sequel we will work with 0+; also, we slightly abuse notation and simply write 
A^B in place of A^~^B for the tensor product of two Frobenius algebras. 

Note that even when both A and B are commutative, their tensor product A^B is 
not commutative, in general. More precisely, if A and B are commutative, then A^B 
is commutative iff ca,b ° cb,a = idA(sB- While this identity holds in a symmetric tensor 
category, it does not necessarily hold in a genuinely braided tensor category; in this setting 
it is therefore not advisable to restrict one's attention exclusively to (braided-) commutative 
algebras. 

Proposition 3.8 : 

Let A be a symmetric special Frobenius algebra and B a Frobenius algebra in a ribbon 
category. Then the following holds: 

(i) E^''{B) = {E]l'\B),miir, r]i/r, A;/^, ei/r), with morphisms given by 




(3.15) 



4(B) EXiB) 



with ^i/r G k^, is a Frobenius algebra. 

(ii) If B is symmetric, then Ej^{B) and E^{B) are symmetric. 
If B is commutative, then Ej^{B) and E^{B) are commutative. 

(iii) If Ej^{B) is symmetric, B is in addition special, dim^ Hom(i?, Cr{A)) = 1, and dim(£^(i?)) 
is non-zero, then Ej^^B) is in addition haploid and special. 

If E]^{B) is symmetric, B is in addition special, dimk B.om{B, Ci{A)) = 1, and dim(_E4(_B)) 
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is non-zero, then Ej^{B) is in addition haploid and special. 

(iv) If A is commutative, then E\ — E^ as functors. More precisely, for every U e Obj(C) 
we have the equality Ej^{U) — EjJJJ) as objects in C, and for every morphism / of C we 

have = 

(v) If A is commutative, then Ej^{B) — E^{B) as Frobenius algebras. 



Remark 3.9 : 

In [45] the notion of an Azumaya algebra in a braided tensor category has been introduced. 
The definition in [45] can be seen to be equivalent to the following one: An algebra A in 
a ribbon category C is called an Azumaya algebra iff the functors and from C to 
Ca_\a are equivalences of tensor categories. If a symmetric special Frobenius algebra A is 
Azumaya, then Ci{A) = 1 = Cr{A). To sec this note that if is an equivalence functor, 
then it has a left and right adjoint given by {a^)^^. In Assertions (i)-(iii) of 

Proposition 2.36 we have seen that the composition {a^Yoa^ corresponds to tensoring 
with Ci{A) . This is an equivalence iff Ci{A) = 1. A similar argument shows that Cr{A) = 1. 
Assertions (i) - (iii) of Proposition 3.8 thus imply in particular that every Azumaya algebra 
defines two endofunctors of the full subcategory of haploid commutative symmetric special 
Frobenius algebras in a given ribbon category C. Algebras of the latter type can be used 
to construct new ribbon categories starting from C, see Proposition 3.21 below. 

The proof of Proposition 3.8 will fill the remainder of this section. We need the follow- 
ing three lemmata. 

Lemma 3.10 : 

Let A and B be as in Proposition 3.8, and rhi G }lom{{A®B) (E) (A^B), A(E)B) denote the 
morphism obtained from nii of (3.15) by omitting the embedding and restriction mor- 
phisms e, r; define ffir and Ar/i similarly. Further let fj ■.= rjA®TiB and e := Ea® Sb- The 
idempotent P' = Pj(5) fulfills 

P'- o fj = f] , e o P'- = e , 

P^orhio {P^ (g) P') = idA^B ofhio (P' (g) P') (3.16) 
^P^orhio {idA^B «) P^) = P' o o (P' ® id^^s) . 

Analogous relations hold for P*" = PJiB) and rhr, f], e, as well as for P'-^^ and A^/^. 
In terms of the graphical calculus, this means that at any product or coproduct vertex for 
which each of the three attached ribbons carries an idempotent P', or each a P^, any one 
out of the three idempotents can be omitted. 

Proof: 

The proof is similar for all relations. As examples we present it for eoP^ — e and for 
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(P*" icIa^b) o a*" o P^. The first of these relations is easily seen from 




(3.17) 



A B A B A B 



In the first step one substitutes the definition of P and deforms the graph slightly; then 
one uses the Frobenius and counit properties to get rid of the counit of A. The final step 
re-introduces this counit by using the fact that it obeys e = e^^ with e^^ given by (2.39) (and 
also that A is symmetric Frobenius). 

To obtain the second relation one considers the following series of transformations, for 
which all defining properties of the symmetric special Frobenius algebra A are needed: 

{P'' ® P') o A'' o P' 



A B A B A B A B A B A B 




(3.18) 



A B A B A B 



The first equality just consists of writing out the Definition (3.15) of the coproducts and 
the idempotents. To arrive at the second equality, one drags the coproduct that is marked 
explicitly in the first graph along the path that is drawn as a dotted line, so that its new 
location is the one marked in the second graph. The third equality is obtained by first 
pulling an A-ribbon under the right B-ribbon, which is indicated by the big shaded arrow, 
and then moving it back in the opposite direction, but this time over the i?-ribbon (as 
well as over another A-ribbon). In addition, one continues to drag the coproduct that was 
already moved during the previous step, now along the dotted path in the second graph; 
this way it returns to the same location, but is now attached from the opposite side. 
Starting from the third graph, one can now pull the left-most A-ribbon in the direction of 
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the shaded arrow, over various A-ribbons as well as over the left 5-ribbon; the twists on 
this ribbon then cancel. Afterwards one can use co-associativity (on the two coproducts 
that are marked explicitly in the graph) and then the specialness of A so as to arrive at 
the desired result. □ 



Lemma 3.11 : 

For every symmetric special Frobenius algebra A we have 

A U A U A U 



V 



and 




EX(U) 



A U 



T 



EXiU) 



(3.19) 



as well as the analogous relations for instead of ^e'^''{u)<A(S)U' 

Proof: 

We show the moves needed to derive the left equality - the right one and the relations for 
r follow analogously: 

A U A U A U 






(3.20) 



Ei(U) 

The first expression is the right hand side of the first equality in (3.19), with a redundant 
idempotent P\{U) inserted. To arrive at the second graph one uses the Frobenius property 
and suitably drags the resulting coproduct along part of the A-ribbon. A further defor- 
mation and application of the Frobenius property results in the graph on the right hand 
side. In this last expression the idempotent Pa{U) is again redundant; removing it yields 
the left hand side of the first equality in (3.19). □ 



Lemma 3.12 : 

Let A be a symmetric special Frobenius algebra and B a Frobenius algebra in a ribbon 
category. Denote by the multiplication morphism of E = E^^[B) as defined in (3.15). 
Then 

rriE o Ce,e = ruE' (3.21) 
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with E' = EJ^{B'), where B' = {B, uib o cb,b, Vb, o c^^^, Sb) (i.e., the opposite algebra 
of 5' is 5). 

Proof: 

We prove the relation for Ej;^{B), the case of E\[B) being analogous. Consider the following 
moves: 



E'a{B) E{{B) EXiB) E\{B) 




E'^{B) Ej,(B) E^{B) EXiB) E'^{B) Ej,{B) Ej,{B) E^iB) 



(3.22) 

The first step implements the definition (3.15) of the product on Ej^{B), while in the second 
step the resulting ribbons are deformed slightly. The third expression in (3.22) is already 
almost the multiplication of E', except that the braiding ca^a must be removed and the 
braiding cb,a must be replaced by c^^b- '^^^^ achieved in two steps. First we use the 
equality r = roPj^[B) to insert an idempotent Pa{B) before the restriction morphism and 
then carry out the moves displayed in figure (3.6) backwards. This replaces mocA,A by 
m o (id^ ® ^^^). After a further slight deformation of ribbons one arrives at a graph for 
which the right ingoing leg is just given by the leftmost graph in (3.19). Using the first 
equality in (3.19) we then arrive at the last expression in (3.22), which is precisely the 
multiplication of E'. □ 

Proof of Proposition 3.8: 

We restrict our attention to the case of E^{B). For E]^{B) the reasoning works in the same 
way. 

(i) The checks of the (co) associativity, (co)unit and Frobenius properties all work by direct 
computation: After writing out the definition, one uses Lemma 3.10 to remove the pro- 
jector on the 'internal' A-ribbon. The (co) associativity, Frobenius and (co)unit relations 
then follow directly from the corresponding properties of A and B. 

(ii) The check that symmetry of B implies symmetry of Ej^{B) can be performed by the 
same method as in (i). To see that commutativity of B implies commutativity of E^{B), 
first note that from Lemma 3.12, mEOCE,E = fT^E'- If B is commutative, then B' = B as a. 
Frobenius algebra, so that (3.21) reduces to niEO ce,e = t^e- 

(iii) That Ej^{B) is haploid follows from Proposition 3.6 by specialising to U = B and 
V=l, together with (2.43) and Lemma 3.13 below, by which we have the bijections 
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Hom(5, Cr{A)) ^ Hom(5, £5(1)) = Rom{E^{B), 1). (Note that here the assumption about 
the non- vanishing of the dimension of E^{B) is not yet needed.) 

To see that E\[B) is special, we can use lemma 3.11 of [18], according to which it suffices 
to show that the counit e given in (3.15) is a non- zero multiple of as defined in (2.39) 
(evaluated for the algebra E\{B)). Since E\{B) is haploid, it is guaranteed that =7£: 
with 7 G k. The proportionality constant 7 can be determined by composing the equality 
with ?7; the result is 7 = dim[E\[B)) / d\m.{A) dim(i?), which is non-zero by assumption. 

(iv) It is sufficient to check that the projectors on A®U are equal, i.e. P\{U) = P^{U). Since 
A is commutative and symmetric, and thus also has trivial twist, the desired equality can 
be rewritten as ah ah 




(3.23) 



A U A U 



This latter equality, in turn, can be verified as follows. First one deforms the A-loop on the 
left hand side of (3.23) in such a manner that the order of the braidings ^ and c^\ gets 
interchanged, and then uses, consecutively, commutativity, the Frobenius property, again 
commutativity, symmetry to obtain 



A U A U A U A U A U 




A U A U A U A U A U 



(3.24) 

from which one arrives at the right hand side of (3.23) by another (twofold) use of the 
Frobenius property. 

(v) In addition to having E^{B) = Ej^{B) as objects in C, one further verifies that mi = rrir, 
rji = rir, Ai = A J. and ei = er- Let us only show how to check equality of mi and m^; for the 
other morphisms similar arguments apply. One considers the transformations (for better 
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readability we suppress the arrows indicating the duahty morphisms) 

EXiB) Ej,(B} E<^(B) 




(3.25) 



BKB) £1(5) E^^iB) E\{B) Ej^iB) E\(B) 



In the first step the definition of mi is written out and an idempotent i^(-B) is inserted on 
top of an embedding Ej^[B) -<A®B. Afterwards the muhiphcation on A is moved along 
the idempotent. In the third step the A-ribbon is rearranged and the commutativity of A 
is used. □ 



3.3 Centers and endofunctors 

From the Definitions 2.31 and 3.3 it is clear that the centers of an algebra can be interpreted 
as images of the endofunctors -E^^'^, i.e. Ciir{A) = e'/^{1) as objects of C. We will now see 
that, upon endowing Ci/r{A) with the structure of a Frobenius algebra inherited from A, 

and E^jI'^{1) with the Frobenius structure described in Proposition 3.8, this is even an 
isomorphism of Frobenius algebras. 

Lemma 3.13 : 

For every symmetric special Frobenius algebra A we have isomorphisms 

Ci{A) ^ Ej^{l) and Cr{A) ^ E^{1) (3.26) 

as Frobenius algebras. 
Proof: 

From Lemma 2.30 we know that Ci/r is the image of the split idempotent defined in 
equation (2.52). Also, comparison with the idempotents (3.1) shows that Pj/' =pY^(1). 
Thus Cl/r = E'/{l) as an object in C. Further, the definition of the algebra structure on 

E^^{B) in Proposition 3.8(i) reduces to the one of Ci/r (as given in equation (2.70)) when 
B = l. □ 

This lemma can be used to establish the following more general result for tensor prod- 
uct algebras: 
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Proposition 3.14: 

(i) For any pair A, B of symmetric special Frobenius algebras in a ribbon category C one 
has 

Ci{A®B) = Eji{Ci{B)) and Cr{A®B) = E^{CriA)) (3.27) 
as symmetric Frobenius algebras. 

(ii) If in addition dim{Cr{A)) ^0, dim{Ci{B))^0 and dim{Ci/r{A0B)) y^O, as well as 
dimkHom(C^(A),C;(5)) = 1, then E[{Ci{B)) and £;^(Cr(A)) are haploid and special. 

Proof: 

(i) Let us start with the second relation in (3.27). The following series of equalities shows 
that the braiding {cab)~^ relates the idempotents (3.1) for Cr{A^B) =_E^^^(1) and for 



A B A B A B A B 




(3.28) 



B A B A B A B A 



Define the morphisms if e Hom(£g(C^(A)), Cr{A^B)) and ^ G Hom(C^(A®5), EJ^{Cr{A))) 
by 

CriAlglB) E'giCriA)) 




(3.29) 



E^g{Cr{A)) Cr(A(S,B) 



Using (3.28) one can verify that 

if o ip = idc,{A(g)B) and o Lp = idEr^{Cr(A)) ■ (3.30) 

Next we would like to see that ip is compatible with the symmetric special Frobenius 
structure of the two algebras. We need to check that 

^CAA^Bf ^ = ^E^^iCAA)) ' {V~^<^V'^) ° ^CriA^B) = ^E^^{CAA)) ■ 
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The relations for 77 and e are immediate when inserting the definitions (3.15) and (2.70). 
Using again (3.28), for the multiphcation we find 



EUCr{A)) 



EUCr{A)) 



EUCr{A)) 



CriA<g>B) 




E-giCr(A)) E-g(Cr(A)) 



Cr(.A) 



E-g{Cr{A)) E-giCriA)) 



(3.32) 



E-giCr(A)) E-g{Cr{A)) 



The corresponding relation for the comultiplication in (3.31) is demonstrated similarly. 
The proof of the first relation in (3.27) works along the same lines, but this time tp and 
take the easier form 



Ci{A(X)B) 





B 



cm 



T 



Ci{B) 



(3.33) 




Ci{A®B) 



Correspondingly there is no braiding in the analogue of (3.28). 

By Propositions 2.37(i) and 3.8(ii), E\{Ci{B)) and E'^^{Cr{A)) are symmetric. 

(ii) By Proposition 2.37(i), Cr{A) and Ci{B) are commutative symmetric Frobenius alge- 
bras. Further, since by Remark 2.23(vi) the tensor unit is a retract of every Frobenius 
algebra, the condition dimt Hom(Cr (A), C/(i?)) = 1 implies in particular that Cr{A) and 
Ci{B) are haploid and thus simple. Since their dimensions are non-zero by assumption. 
Proposition 2.37(iii) then tells us that the two centers are also special. Together with the 
assumptions dmi{Ciir{A®B)) 7^ and dimk Hom(Cr(A), Ci{B)) = 1, as well as the isomor- 
phisms of part (i), we can finally apply Proposition 3.8(ii) and 3.8(iii) to see that E^{Cr{A)) 
is haploid and special. 

Similarly, again by Proposition 3.8(ii) and 3.8(iii), this time together with the bijection 
(2.43), Ej^{Ci{B)) is haploid and special as well. □ 
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3.4 The ribbon subcategory of local modules 

As noticed after (3.3), in symmetric tensor categories the objects E^j^ {U) are closely related 
to induced modules over the center of the algebra A. We therefore now consider categories 
of modules over commutative symmetric Frobenius algebras. As it turns out, this is still 
appropriate in the genuinely braided case. Note that according to Proposition 3.8(iv), for 
commutative A, there is only one endofunctor -E'^(-) = -E'^'^(-). 
The relevant class of modules is introduced in 

Definition 3.15 : 

A left module M = (M, pm) over a commutative symmetric special Frobenius algebra A in 
a ribbon category C is called local iff 

p,joP^{M)=p^,, (3.34) 

where Pa{M) =Pj/^{M) is the idempotent defined in (3.1). 

As we will see in Proposition 3.17 below, our concept of locality is equivalent to the one 
of Definition 3.2 of [26]. The latter, which says that M is local iff pj^ ° a° m~ 
had been introduced earlier for modules over an algebra in a general braided tensor category 
in [40], where such modules were termed dyslectic. A main motivation for the introduction 
of dyslectic modules in [40] was the fact that they form a full subcategory that can be 
naturally endowed with a tensor structure and a braiding. This property will be crucial in 
the present context, too. Here we prefer the qualification "local" to the term "dyslectic" 
because it agrees with the standard use [42] in conformal quantum field theory in the 
context of so-called simple current extensions (compare Remark 3.19(ii) below). 

To show the equivalence between the two characterisations (as well as a third one) we 
first give the 

Lemma 3.16 : 

For M = (M, p) a left module over a commutative symmetric special Frobenius algebra in 
a ribbon category the morphism 

M 

Pm 

Pm 

e Hom(M,M) (3.35) 



M 

satisfies 

(i) Pm ° Pa{M) = pj^j o (id^^gj,^) and (ii) o Q^^ = . (3.36) 
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(iii) M is local iff Qm = id 



M- 



Proof: 

To see (i) we note that 



PM0P4M) 




PM°{idA<S)QM] 



(3.37) 



The equality on the left uses the fact that A is commutative and has trivial twist (recall the 
corresponding comment in Section 2.3), as well as the Frobenius property. The equality on 
the right is obtained by applying the representation property first for the upper and then 
on the lower of the two products. 

To deduce (ii) we combine (i) with the fact that Pa{M) is an idempotent, and insert (i) 
twice (using also that idA^Qu commutes with Pa{M)), so as to arrive at 



Pm o (jcIa^Qm) 



Pm o Pa{M) 

Pm o Pa{M) o Pa{M) = Pm o (icU ® Qm) ° (idA ® Qm) 



(3.38) 



Property (ii) now follows by composing both sides of (3.38) with rj^idM- 

(ni) For local M (3.36(i)) reads pm o {idA ®Qm) = Pm, which when composed with rj ® id^ 
id]^,f. Conversely, inserting QM = idM into (i) yields the defining property of 



yields Qm ■ 
locality. 



□ 



We are now in a position to present 
Proposition 3.17: 

For a left module M = (M, p) over a commutative symmetric special Frobenius algebra in 
a ribbon category C the following conditions are equivalent: 

(i) M is local. 

(ii) e HomA(M, M) . 



m 



p o c^^_^ o c^^^j = p . 
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Proof: 

(i) =^ (ii) : We start with the equahties 



M M M M 




(3.39) 



Am Am Am am 



The first equahty uses that A is Frobenius, the second combines the identity 

M M 




(3.40) 



Am am 



with moves similar to those in figure (3.20), and the third combines a deformation of 
the upper A-ribbon with an apphcation of the Frobenius property in the lower part of 
the graph. On the right hand side of (3.39), we can in addition straighten the upper A- 
ribbon. Afterwards, by composing the left and right hand sides with from the top and 
removing the idempotent Pa{M) (as allowed by locahty) we arrive at the statement that 
Oj^^ e End(M, M) is actually in EndA(M, M). 

(ii) =^ (i) : By 6^ = id-A and the compatibility between braiding and twist we have 

PM ° C^i,A ° ^A,M = ° PM ° (J'ck ® ^^/) • (3.41) 

To show that Qm is the identity morphism, we insert this relation into the definition (3.35) 
of the morphism Qm- Then by (ii) we can take the lower representation morphism pj\/ past 
Oj^j without introducing any braiding or twist. Using that A is special, the A-ribbon can 
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then be removed, resulting in Qm =idj^. By Lemma 3.16(iii) it follows that M is local, 
(ii) -v^ (iii) follows immediately from relation (3.41). 

(For semisimple C this equivalence is Theorem 3.4.1 of [26].) □ 

In applications one is often interested in simple modules. Therefore we separately state 
the following result which makes it easy to test if a simple module is local. 

Corollary 3.18: 

For a simple module M, with dim(M) ^ 0, over a commutative symmetric special Frobenius 
algebra in a ribbon category C the following conditions are equivalent: 

(i) M is local. 

(ii) tr^,, ^0. 

(iii) 9f;j = ^MidM for some ^f^k'^. 
Proof: 

We first note that when M is simple, then the morphism Qjv/ ^ Hom(M, M) given by (3.35) 
satisfies 



. A -S^'-M- (3.42) 



M 

To get the first equality, the M-ribbon is twisted so as to remove the braidings; because 
of 9A = idA the resulting twist of the A-ribbon can be left out. The second equality is 
a consequence of Lemma 4.4 of [18]. By definition (see Definition 4.3 of [18]) of the A- 
averaged morphism 9^^, which is an element of Hom^(M, M), the graph is just 
Since M is simple, Homyi(M, M) is one-dimensional, so that 9^ is proportional to idj(^. 
The constant of proportionality is determined by comparing the traces, resulting in the 
final expression in (3.42). 

(i) ^ (ii) : By Lemma 3.16(iii), for local M we have Qm = idj^^. By (3.42) this, in turn, 
means that 

0-^' = idM ■ (3.43) 




dim(M) M 

Since idj^.j is invertible, this requires tr6'j;j to be non-zero. 

(ii) =^ (iii) : The equality obtained by inserting (3.42) into the projection property (3.36(ii)) 
can hold only if tr 9^]- = or if 

5^ (3.44) 

Since by (ii) the first possibility is excluded, we arrive at (iii) with = tr 0^^/dim(M) 
(which is non-zero). 
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(iii) ^ (i) : When combined with (3.42), the statement (iii) imphes Qu — idj^. Together 
with (3.36(iii)) it then follows that M is local. □ 



Remark 3.19 : 

(i) When C is semisimple, it follows immediately from the definition that in the decom- 
position of a local module M into simple modules all the are local as well. 

(ii) The case when the commutative algebra ^ is a direct sum of inveriible simple objects 
is known in the physics literature as a simple current extension. Then the local modules M 
are those for which the 'monodromy charge' with respect to A vanishes, which means that 
for all simple subobjects J of A and all simple subobjects Ui of M one has the equality 
sj,Ui = si,Ui, where s is the s-matrix defined in (2.5). Precisely these modules appear in 
the chiral conformal field theory obtained by a simple current extension [43] . 

(iii) For C — '^epDHR(^) the category of DHR superselection sectors [12, 13] of a local ratio- 
nal quantum field theory there is a bijection between finite index extensions Cext 5 ^ and 
symmetric special Frobenius algebras A in '7^epj)Hj^(€), and Cext is again a local quantum 
field theory iff A is commutative [28]. 

For the case that C — Tlep{^) is the category of modules over a rational vertex algebra 5J 
with certain nice properties, the fact that C^ep(Qj) equivalent to 7?.ep(QJext), with QJext the 
vertex algebra for the extended conformal field theory, has been observed in [26] (Theorem 
5.2). 

Definition 3.20 : 

Let A be a commutative symmetric special Frobenius algebra in a ribbon category C. The 
category of local A-modules, denoted by Cj^'', is the full subcategory of Ca whose objects 
are local A-modules. 

Under suitable conditions on C and A, the category C^" inherits various structural prop- 
erties from C, such as being braided tensor (Theorem 2.5 of [40]) or modular (Theorem 4.5 
of [26]). We collect some of these properties in 

Proposition 3.21: 

For every commutative symmetric special Frobenius algebra ^4 in a ribbon category C the 
following holds: 

(i) Cj^" is a ribbon category. 

(ii) If C is semisimple, then C^" is semisimple. If C is closed under direct sums and 
subobjects, then is closed under direct sums and subobjects. 

(iii) If C is modular and if A is in addition simple, then C^" is modular. 

The proof is a straightforward combination of the results contained in the proofs of The- 
orems 1.10, 1.17 and 4.5 of [26] (which are derived in a semisimple setting and with A 
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assumed to be haploid, but are easily adapted to the present framework, using in par- 
ticular the fact that simple commutative algebras are also haploid) and the permanence 
properties established in Section 5 of [20] . (For the simple current case that was mentioned 
in Remark 3.19(ii) above, see also [19, 9, 33].) 

Let us describe the tensor structure of C^" in some detail. For any algebra A, one 
defines the tensor product M®j^N of a right A-module M and a left A-module N as the 
cokernel of the morphism pm ® id^ — idu ® Pn, provided that the cokernel exists. In the 
present context, i.e. for A a commutative symmetric special Frobenius algebra and M and 
two local left A-modules, the tensor product can conveniently be described as the image 

M®^N ■=lmPMm (3.45) 

of a suitable idempotent in End(M®A^), provided that this idempotent is split. The 
idempotent in question is given by (compare lemma 1.21 of [26]) 

M N M N 




(3.46) 



M N M 



(Owing to Proposition 3.17(iii), applied to the representation morphism pM for the local 
module M, the morphisms given by the left and right pictures are equal.) Similarly, 
multiple tensor products can then be described as images of the idempotents 



Ml M2 Mh 




(3.47) 



Ml M2 Mfc 



Note that this way of defining multiple tensor products is consistent with the iterative 
application of (3.45). Indeed one easily verifies that the idempotents P{m®aN)®k and 
Pm®{N(S)aK) are both equal to Pm®n®k- 

Finally, denoting by eMi®---(g)Mfc and rMi(^-(g)Mk the embedding and restriction mor- 
phisms for the idempotent (3.47), the tensor product of morphisms /j G Hom^(Mj, iVj) 
{i = 1, 2, ... , k) takes the form 

/i ®A ■ ■ ■ ®A /fc = %i®-$57Vfe o (/i ® ■ ■ • ® /fc) o ej\^i0...®M, • (3-48) 

The definition (3.45) of the tensor product is based on the assumption that the idem- 
potents PMi®---»Mk are split, for which it is sufficient that C is Karoubian. If we do not 
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impose Karoubianness of C, it can happen that Pmi^ - ^Mj. is not spht; then we must work 
with the Karoubian envelope of Cf"" and define 

Ml ®^ ■ ■ ■ ®^ Mfc := (Ml ® • ■ ■ ® Mk] Pm, ^-^m,)- (3.49) 

If C is Karoubian so that we can define the tensor product as an image, we still must select 
M^j^N as a specific object in its isomorphism class (recall that we use the axiom of choice 
to regard images as objects). We make this choice in a way compatible with (3.49). With 
this definition of the tensor product the associativity constraints of the category C^" are, 
just as the ones of C, identities. However, in general A (S)^ M and M are different objects 
of Ca so that the unit constraints are non-trivial. In particular, the module category is in 
general not a strict tensor category. 

The ribbon structure of C^" is inherited in a rather obvious manner from C. Concretely, 
the braiding on C^" is given by the family 

Cm,n ■=ro oe e RomA{M^^N, N^^M) (3.50) 

of morphisms, where e is the embedding morphism for the retract M®j^N -< M®N , (^m n 
is the braiding in C, and r the restriction morphism for N®M >- N®j^M. The twist on 
C^'' just coincides with the one of C, i.e. 6*^^ = 6'^^ (see Proposition 3.17), and the duality 
of C^" is the assignment M M'^ = {M'^ , {dJ^0id^J^,) o {id,^^v'^PM®id^_J^,) o (c^^^ ^^bj^^)) 
together with the morphisms 

■= ^M^^M^ ° (PM ® id^/v) O {idA ® fe^) = pM^^M^O [i'^A ® ('^M^^MV O ^m)] and 

:= ® (^M ° (^'t^Mv ® Pm) o {c^^v^a ® -''^Af)] o [(A o 77) O c^v^^m] (3-51) 
= [idA ® (c^M ° e^^v^^M ° Pmv^^m)] ° [(A o ?]) ® idu^^^M] 
(compare Theorem 1.15 of [26] and section 5.3 of [20]). 



Lemma 3.22: 

For A a simple commutative special Frobenius algebra in a ribbon category C and A- 
modules M,N & Obj(CA) one has 

din.(M«,iV)^ '-"(f;_y^' . (3.52, 

Proof: 

We have 



dim(M®^A^) = tr(idM®^7v) = tr{PMm) 




(3.53) 
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Now since A is haploid, for every ip G Hom(l, A) we have ip = P^^{eoip) r] = {eoip) rj/ dim(yl). 
It follows that removing the A-lines from the graph on the right hand side of (3.53) just 
amounts to a factor of l/dim(A); but removing the A-ribbons leaves us just with an M- 
and an A^-loop, i.e. with dim(M) dim(A^). □ 

When A is symmetric, this result is also implied by Lemma 2.27, and for the case that 
in addition C is semisimple, it has already been established in [26] (corollary to Theorem 
1.18). 



Remark 3.23 : 

(i) To a modular tensor category C one associates a dimension Dim(C) and the (unnor- 
malised) charges p^(C) by 

Dim(C) := J2 dim(f/i)^ and p^{C) := ^ Of^ dim{Uif , (3.54) 

where {Ui\i&X} are representatives of the isomorphism classes of simple objects of C. 
The numbers Dim(C) and p^{C) are non-zero (see e.g. Corollary 3.1.8 of [1]) and satisfy 
j9+(C)p-(C)=Dim(C). 

Let A be a haploid commutative symmetric special Frobenius algebra in C. Combining 
Theorem 4.1 of [26] with Theorem 3.1.7 of [1], one sees that the dimension and charge obey 

Dim(Cr) = -^^^^^ and p^iC^) = (3.55) 
(dim'^(v4)) dim {A) 

Suppose now that k = C and that dim(f/) > for all U (as is e.g. the case if C is a *-category 
[29]). Then one has in fact dim(t/) > 1 for all non-zero objects, as well as Dim(C) > 1 and 
\p~^/p~ \ = 1- It also follows that either dim(74) = 1 or else dim(A) > 2, so that for any non- 
trivial A the dimension of Cj^" is at most one quarter of the dimension of C. The relation 
"being a category of local A-modules" (with A a haploid commutative symmetric special 
Frobenius algebra in another category) thus induces a partial ordering '>' on modular 
tensor categories, given by C>V iff V^C^" for some A^l. Also note that owing to 
Dim(C) > 1 one can repeat the procedure of "going to the category of local modules" only 
a finite number of times. Conversely, it follows that the dimension of a haploid commutative 
special Frobenius algebra in a modular tensor category C is bounded by the square root of 
the dimension of C. 

(ii) In case A is a commutative simple symmetric special Frobenius algebra, the numbers 
that are the analogs of the numbers (2.5) in the category C^" can be expressed in terms 

of morphisms of C as 

Sm,m' - dim(A) ^' (3-56) 
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It follows e.g. that 

dimA(M) = s^o = dim(M) / dim(A) (3.57) 

(see Theorem 1.18 of [26]). Note that the label on refers to the tensor unit of C^", 
which is the simple local module A itself. In the application to conformal field theory, 
is also closely related to the modular S-transformation of conformal one-point blocks on a 
torus with insertion A (see [3] and Section 5.7 of [18]). 

Next wc stTidy what can be said about Karoubianness of categories of local modules. 
Recall the statements about A-modules in Remarks 2.17 and 2.19. It follows immediately 
with the help of the functoriality of the braiding that if the A-module (M, p) is in addi- 
tion local, then so are the A-module (Im (p), rop o(icU(E)e)) (2.26) in C and the A-module 
((M;p),pop) (2.27) in the Karoubian envelope C^. 

According to Remark 2.19, non-split idempotents in C can be used to build (A; id^)- 
modules in which do not come from an A-module in C. Thus in general the category 
{Ca}^ is a proper subcategory of (C^)^. On the other hand, we still have the following 
results, which later on will allow us to establish, in corollary 4.11, equivalence of these two 
categories if A is not just an algebra but even a special Probenius algebra. 

Lemma 3.24 : 

(i) If y4 is a commutative symmetric special Frobenius algebra in a Karoubian ribbon 
category C, then the category C^" of local A-modules in C is Karoubian as well. 

(ii) For any algebra A in a (not necessarily Karoubian) tensor category C the category 
{C^){A;idA) is Karoubian, i.e. one has the equivalence 

((C^)(A;id.))'' = (3.58) 

of categories. If C is ribbon and A is commutative symmetric special Probenius, then also 
the category (C^Yf^X-idA) Karoubian, and one has the equivalence 

iiC'')tl.,UA)f - (C^)ri;id.) ■ (3.59) 

of ribbon categories. 
Proof: 

(i) Since C^" is a full subcategory of Ca, the assertion follows from immediately from the 
analogous statement about Ca in Lemma 2.18. 

(ii) Since is Karoubian, the two equivalences are directly implied by Lemma 2.18 and 
by (i), respectively. That the second equivalence preserves the ribbon structure is easily 
seen by writing out the equivalence explicitly. □ 
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4 Local induction 

4.1 The local induction functors 

We have already announced above that the endofunctors Ej^ with respect to a symmetric 
special Frobenius algebra A are related to local induction, i.e. functors from C to a full sub- 
category of the category Cci^^(a) of modules over the left and right center of A, respectively, 
that share many properties of induction. As shown in Proposition 4.1 below, the objects 
Ef{U) in the image of these endofunctors possess an additional property: they are local 
C//r. (A)-modules. Accordingly, the relevant full subcategories are the categories C^^"^ (•^■j 
of local C//r(v4)-modules. The corresponding local induction functors, to be denoted by 

I It 

£-Ind^ , from C to C^^"^ ^.^^ will be introduced in Definition 4.3 below. In the special case 
that already A itself is commutative, the centers coincide with A, and accordingly there is 
only a single local induction procedure, which is a functor from C to the category Cj"'' of 
local A-modules. 



Proposition 4.1 : 

Let A be a symmetric special Frobenius algebra in a ribbon category C. Then for any 
object U of C, E^{U) is a local (7/(^4) -module and E\{U) is a local Cr(A) -module. The 
representation morphisms are given by 




Proof: 

Using the properties (2.64) it is easily verified that p^^'^ f^^yjj as defined in (4.1) possess the 
properties of a representation morphism for Ci{A) and Cr{A), respectively. To establish 
locality we must check that p^^"^^ ^^^^ o Pc^^^{U) = p^^"^ [Ayv '^^^^ ^^^^ inserting 

an idempotent P^^^{U) in front of the embedding morphism e of E^/^{U)] afterwards this 
idempotent can be used to remove Pci,^{U). For the case of E]^{U), the corresponding 
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moves look as follows. 

A u A u 




(4.2) 



Cr A U Cr A U 



Here the embedding and restriction morphisms for E'j^{U) -< A®U are omitted. To estab- 
lish these equalities one needs in particular (3.16) and the properties (2.64) and (2.65) of 
Cr. □ 

Corollary 4.2 : 

Let A be a commutative symmetric special Frobenius algebra in a ribbon category C and 
U G Obj(C). Then the object Ej^{U) := E^{U) = E\{U) carries a natural structure of local 
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A-module with representation morphism 



PAh ■■= i u (4.3) 




It follows that given any symmetric special Frobenius algebra A in a ribbon category, 

'l/riA) 



by regarding E^/^{U) as an object of the category C^" of local Q/^-modules we have a 



functor from C to / .n. 

(^i/ryA) 

Definition 4.3 : 

The functors i-lnd'^^ , called (left, respectively right) local induction functors, from C to 
^Ci/ {A) defined by 

Mndf (t/) := (^/'■(f/), p^c°%(A);^) , ^-Indf (/) := Ef {f) . (4.4) 

When A is commutative, we write £-Ind_4 for £-Ind^ = £-Ind^. 

The qualification 'local' used here indicates that the A-module £-Ind^(f/) is local; that 
we speak of local induction is justified by the observation that there exists an embedding of 
£-Ind^(f/) into the induced module IndA(t/). More precisely, we have the following result, 
which allows us to use reciprocity theorems of ordinary induction when working with local 
induction. 

Proposition 4.4: 

For A a commutative symmetric special Frobenius algebra in a ribbon category C and 
^-Ind^([/) endowed with the A-module structure given in corollary 4.2, for every local 
A-module M one has 

Hom^(M,£-Ind^(f/)) = Hom^(M, Ind^(f/)) and 

(4.5) 

Hom^(£-Ind^(?7),M) = HomA(IndA(f/), M) . 

Proof: 

Consider the first isomorphism in (4.5). Apply Lemma 2.4 to the objects M and IndA(f/) 
of Ca to see that there is a natural bijection 

Hom^(M, Mnd^([/)) = G Hom^(M, IndA(f/)) | Pa{U) o^ = ^}. (4.6) 
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Further, observe that for every A-module M and every ip G Honu(M, IndA(f/)) we have 

A U A U A U A U 




(4.7) 



M 



M 



M 



M 



Here the first equahty uses that A is commutative and symmetric Frobenius, the second 
that if is an A-module morphism, and the third is a rearrangement of the lower A-ribbon 
that uses that A is commutative and symmetric and that (since it is also Frobenius) it has 
trivial twist. 

When M is local, then by Lemma 3.16(iii) the right hand side of (4.7) equals (p. Further, 
the left hand side of (4.7) is nothing but Pa{U) oip. Thus if M is local and (f a morphism 
in Homyi(M, Indyi (?/)), then PA{U)o(f = (p holds automatically. Together with (4.6) this 
implies the first bijection in (4.5). 

The second of the bijections (4.5) follows analogously by an identity between morphisms 
that looks like figure (4.7) turned upside down. □ 

Lemma 4.5 : 

Let A be an algebra in a (not necessarily Karoubian) tensor category C. 
(i) There is an equivalence 



between Karoubian envelopes of categories of induced modules. 

(ii) If C is ribbon and A is commutative symmetric special Frobenius, then there is an 
equivalence 



between Karoubian envelopes of categories of locally induced modules. 
Proof: 

(i) We will construct a functor F from (C^^)^ to := ((C^)(A;id^))^ that satisfies the 
criterion of Proposition 2.3. 

But first we consider the category I) in more detail. Objects of T> are of the form^ 
(liad(A]idA){U ]p)]T!') with U G Obj(C), and with p G End(f/) and vr G End{A(^U) idempotents 
satisfying 

(idyl 0]?) o vr o (idyl (S)p) = TT and tt o (m ® p) = (m (g) p) o (idyi tt) . (4.10) 
We slightly abuse notation by writing just Ind^^.j^^-j ([/ ;p) in place of ^T^'i(A:idA)i(^'^P))- 




(4.8) 




(4.9) 
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The latter properties imply that 

TT o (m ® idu) = TT o (m ®p) = (m ® idu) o (ick ® tt) , (4-11) 

which in turn allows us to regard vr as an idempotent in End(^.;d^)(Ind(^.;^;^-)(f/; idjy)), i.e. 
in the space of cndomorphisms of an induced {A; jd4)-modulc for which p is replaced by 
idu- As a consequence, (Ind^^.j^^^ (?7; id[/); tt) is an object of and we have 

(All morphism spaces are regarded as subspaces of the corresponding spaces of morphisms 
inC.) 

Furthermore, again using (4.10), it follows that the morphism spaces of V of our interest 
are of the form 

Hom^( (Ind(^,.,^) ([/; q)-w), {lnd^A;id,) (U; q') ; ^')) 

= { / e Eud{A®U) I vj'ofo w^f^ (idA0q') °f° (idA^q) (4-13) 

and fo {m®q) — {m®q')o{idA®f) } ■ 

By similar calculations as in (4.11) one can then check that 

TTG Hom^((Ind(^ .d )(C/;id[/);7r),(Ind(^ .d^)(C/;p);7r)) and 

(4.14) 

TT e Hom ((Ind(^.,.d^)([/;p); tt), {lndf^j,.-^^^{U ; jd[/); tt)) , 
so that (Ind(^.j-^^)(t/;p); tt) and (Ind^^.j^^) (t/; id;/); tt) are isomorphic as objects of 

(Ind(^,-d,)(C/;p); tt) ^ (Ind(^^,,^)(C/; id^;); tt) . (4.15) 

Finally we observe that objects of {C^"^)^ are of the form (Ind^(?7); tt) with U GObj(C) 
and TT e EndA(Ind^([/)) an idempotent. Therefore by setting 

F : (Ind^(^); tt) ^ (Ind(^;M.)(^; i^c/); vr) (4.16) 

for objects and defining F to be the identity map on morphisms provides us with a functor 
F: (CJf"^)^^!?. Because of (4.15), F is essentially surjective, and it is bijective on mor- 
phisms. By Proposition 2.3, F thus furnishes an equivalence of categories. 

(ii) The proof works along the same lines as for part (i). First note that objects of the 
category V^"" := ((C^)("j"fj^)) are of the form (£-lnd(-^.jj^-)((t/;p)); tt). On the other hand, 
by definition we have £-Ind^(?7) = (lnd^(?7); i^(t/)), so that 

(£-Ind(^,.,^)((C/;p));7r) = (Ind(^;M.)(t/;p); vr) (4.17) 

with Pa{U) otto Pa{U) — n. The rest of the arguments in (i) go through unmodified, telling 
us that 

{£-lnd^A;idJ{U;p)y,n) - {£-lnd^A;U,)m idu));^) . (4.18) 
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Therefore the functor defined as F in (4.16) with £-Ind(^.;j^) in place of Ind(yi;id^), 
is essentially surjective and bijective on morphisms, and hence furnishes an equivalence of 
categories. □ 



Remark 4.6 : 

For any commutative symmetric special Frobenius algebra A and any object U of C the 
dimension of E^{U) G Obj(C) is given by 



dim{E^{U)) = s 



U,A ■ 



(4.19) 



(The dimension of £-lnd^{U) as an object of C^'' then follows via (3.57).) The equality 
(4.19) is easily verified by drawing the corresponding ribbon graphs: 





''U,A ■ 



(4.20) 



The first equality uses the fact that for any retract {S, e, r) of U one has dim(S') = tr5 ids = 
tis r oe = tiu eor = tiu P, applied to the idempotent P = Pa- In the second step the A- 
loop that does not intersect the U-hhhon is omitted, using in particular the Frobenius 



property and specialness of A. 
is Frobenius. 



The resulting graph is equal to s^y^v', but A = A'^, since A 



Remark 4.7: 

When C is modular, one may obtain (4.5) also as follows. Proposition 5.22 of [18] expresses 
the dimension dimHom^(M®[/fc, iV) as the invariant of a ribbon graph in S'^xS^: 



dim Hom^(M®f/fc, A^) 




^S'^xS^ 



(4.21) 



k \N m^-' 
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Let us consider the case that Uk = l, M = £-lndy^{U) and a local module. Inserting 
the definition (4.3) of p^A^^) and moving the restriction morphism r around the (verti- 
cal) S'^-direction so as to combine with the embedding e to a projector, then yields for 
dim HomA(i'-Ind^(?7), A^) the graph on the left hand side of 




The equalities shown here are obtained as follows. In the first step the A-ribbon of the 
projector is taken around the (horizontal) S'^-direction until it wraps around the A^-ribbon. 
This can be transformed into a locality projector for and thus - as A^ is local by as- 
sumption - be left out. The second step is then completed by using the representation 
property for A^. In the graph on the right hand side one can now move one of the rep- 
resentation morphisms around the S'^-direction, and then use the representation property 
again; afterwards the A-ribbon can be removed, using that A is special. The invariant of 
the resulting graph in S"^ x is dim Hom([/, A^). 
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4.2 Local modules from local induction 

In the sequel it will be very helpful to express categories of (local) modules in terms of the 
corresponding categories of (locally) induced modules. A crucial ingredient is the 

Lemma 4.8 : 

Let A be a special Probenius algebra in a (not necessarily Karoubian) tensor category C. 

(i) For every module M over A the object M is a retract of A M. 

(ii) Every module over A is a module retract of an induced A-module. 

Proof: 

(i) The retract is given by {M,eM, Pm) with Pm the representation morphism of M and 
Cm '■= {idA ® Pm) o ((Aor^) (g) id^). That Pm = idj^^ is verified by first using the repre- 
sentation property of pM , then specialness of A, and then the unit property of f]. 

Note that the Frobenius property (2.37) of A is not used in this argument. 

(ii) We show that any A- module M is a module retract of IndA(M). In view of (i), all 
that needs to be checked is that the morphisms pm and bm are module morphisms. That 
Pm £ IIom/i(Ind^(Af), M) follows directly from the representation property of pm, while 
Cm e Hom^(M, IndA(M)) is a consequence of the Frobenius property of A. □ 

This result has already been established in lemma 4.15 of [20]. (There the assumption 
was made that the category C of which A is an object is abelian, but the proof does not 
require this property.) 



Proposition 4.9 : 

Let A be a special Frobenius algebra in a (not necessarily Karoubian) tensor category 
C. Then, while the module category Ca is not necessarily Karoubian, still the Karoubian 
envelopes of Ca and of its full subcategory C^"* of induced ^-modules coincide: 

{CAt^iCrf. (4.23) 

It follows in particular that in case that C is Karoubian (so that by Lemma 2.18 Ca is 
Karoubian, too), then Ca = {C^")^- 

Proof: 

Lemma 4.8 implies in particular that every object of the category Ca of 74-modules in C is 
of the form 

Ind^([/) := (Im(p), r o (m (g) idu) o {idA ^ e)) (4.24) 
with a suitable object U e Obj(C) and p a split idempotent such that 

peHomA(Ind^(C/),Ind^(C/)) , pop^P, eor=p, r o e = jdini(p) . (4.25) 

This implies the equivalence (4.23). □ 

Not surprisingly, Lemma 4.8 and Proposition 4.9 have analogues for local modules. 
Indeed, when combined with the previous result (4.5), they imply: 
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Corollary 4.10 : 

Let ^4 be a centrally split commutative symmetric special Frobenius algebra in a (not 
necessarily Karoubian) ribbon category C. Then every local module over A is a module 
retract of a locally induced yl-module, and we have 

The equivalence (4.23) can be combined with previously established equivalences, in 
particular Lemma 4.5, to establish the following properties of module categories over spe- 
cial Frobenius algebras. They are much stronger than Lemma 4.5, and they do not hold, 
in general, for algebras that are not special Frobenius. 

Corollary 4.11 : 

(i) For any special Frobenius algebra A in a (not necessarily Karoubian) tensor category 
C there is an equivalence 

= (CA)^ (4.27) 

i.e. the operations of taking the Karoubian envelope and of forming the module category 
commute. 

(ii) For any commutative symmetric special Frobenius algebra ^4 in a (not necessarily 
Karoubian) ribbon category C there is an equivalence 

(c^'ycAM.) = {crf , (4.28) 

i.e. the operations of taking the Karoubian envelope and of forming the category of local 
modules commute. 

Proof: 

(i) We have 

{CAf ^ {Crt = ((C^)(t-d.))'' = ((C^)(A;id.))'' = (C^)(A;id.) ■ (4.29) 

The last equivalence follows by Lemma 2.18, the second equivalence is the one of Lemma 
4.5(i), and the other two equivalences hold by Proposition 4.9. 

(ii) Analogously, 

{Crt ^ (Ci--)^ - ((C^)ti;f.,))^ = {{C^'r^-M^^f - (C^)fi,.,,) . (4.30) 

The last equivalence follows by Lemma 3.24(i), the second equivalence is the one of Lemma 
4.5(ii) and the other two equivalences hold by corollary 4.10. □ 

The statements of Proposition 4.4 and the results above about commutative Frobe- 
nius algebras that are based on that proposition do not directly generalise to the non- 
commutative case. However, there is the following substitute: 
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Proposition 4.12: 

Let y4 be a symmetric special Frobenius algebra in a ribbon category C, and assume that 
the commutative symmetric Frobenius algebra Ci{A) is special. 

Then every local C;(74)-module M is a module retract of a locally induced A-module, 
M^i-lnd^{U) with suitable f/ e Obj(C). 

Similarly, if Cr{A) is special, then every local Cr{A)-module is a module retract of £-Ind^(f/) 
with suitable U eObj(C). 

Proof: 

We estabhsh the statement for Ci = Ci{A). 

Let M be a local C/-module. Choose U = Im Ej^(M) and define morphisms e and f as 



£-Indji(f/) M 




(4.31) 



These are Crintertwiners, i.e. e G HomQ (M, £-Ind^(f/)) and f G Homcj(£-Ind^([/), M). To 
establish that (M, e, f) is a Cj-module retract of £-Ind^([/) we must show that f o e = jc/m • 
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This is seen by the following series of moves 



dim(Q) , . 
dim(A) ^ ° ^ 





dim(Q) 
diin(A) 




M (4.32) 



In the first step the idempotents resulting from the composition are drawn explicitly. 
Then the multiplication and comultiplication are moved along the paths indicated. To the 
resulting morphism in the second picture one can apply Lemma 2.39 with U = V = M and 
$ = c~|^^ ^- This results in the insertion of an idempotent P\. Using Lemma 2.29(iii) 
and the definition of the multiplication on Ci in (2.70) one arrives at the third morphism. In 
the final step the marked coproduct is moved along the path indicated, resulting in another 
idempotent P{, which can be omitted against the embedding morphism e^. Inserting the 
definition of the comultiplication on Ci in (2.70) one finally arrives at the morphism on the 
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right hand side. 

There, the C;-loop can be rearranged to be equal to Pc^{M), using the fact that C; is a 
commutative symmetric Frobenius algebra. Afterwards, by the Definition 3.15 of a local 
module, the idempotent Pc^M) can be omitted. The representation property together 
with specialness of Ci imply that the resulting morphism it is equal to dim(Ci) / dim(A) idju- 
Altogether we thus have foe — id-M, showing that M is indeed a retract of £-Indji(C/). □ 

Note that specialness of which is assumed in the proposition, is guaranteed 

e.g. if A is simple and dim(Q/r(^)) is non-zero, see Proposition 2.37, and also if A is 
commutative, because then Ci/r{A) — A and A is special by assumption. 



4.3 Local induction of algebras 

Since for any symmetric special Frobenius algebra A the categories Cq'^^ of local mod- 
ules over the left and right center of A are tensor categories, one can study algebras in 
these categories and, in particular, ask whether for an algebra B in C the locally induced 
module l-\'n.(^Jj' {B) inherits an algebra structure from B. We shall show that indeed the 
algebra E^^{B) as defined by Proposition 3.8(i) lifts to an algebra in C'^^^ ^^^^ and inherits 

further structural properties. As a consequence, i-lnd^ furnishes a functor from the cate- 
gory of (symmetric special Frobenius) algebras in C to the category of (symmetric special 
Frobenius) algebras in C^^"^ . 

We start by formulating conditions that allow an algebra S in C to be 'hfted' to an 
algebra in C^": 

Lemma 4.13 : 

Let A he a commutative symmetric special Frobenius algebra in a ribbon category C. Let 
B = {B, rriB, rjB, A^, e^) be a Frobenius algebra. Let {B, ps) carry the structure of a local 
74-module, and the product on B satisfy 

niB e }iomA{B(S)B, B) and o Pbi^b — 'f^B ■ (4.33) 

(i) B = {B, niB, fjB, Ab, Sb) with 

tHb := tUb o Cb^b > Vb — Pb ° i^^A ® Vb) (4-34) 

and 

As := Tb^b ° Ag , Eb := (id^ ® £b) ° (^'^i ® Pb) ° i[^A° Va] ® ^^b) (4.35) 
is a Frobenius algebra in C^". 

(ii) Let A in addition be simple. If B has in addition any of the properties of being 
commutative, haploid, simple, special, or symmetric, then so has B. 
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Proof: 

(i) We start by showing that Pb®s ° = is imphed by o Pbi^b = mB- The ultimate 
reason is that the coproduct can be expressed in terms of the product as 

Ab = {idB ® niB) o (ids O $f ^ (g) id^) o (6^ o ids) (4.36) 

with the morphism $i, defined as in (2.35), being invertible because i? is a Frobenius 
algebra (see formula (3.36) of [18] and, for the proof, lemma 3.7 of [18]). Consider the 
equivalences 

BE B"^ 



A B^ 



A B'^ 



B 





A B 




(4.37) 



A B 



The first equivalence follows by composing both sides of the first equality with $i both 
from the top and from the bottom. The second equivalence is obtained by composing the 
middle equality with the duality morphism d-B and writing out the definition (2.35) of $i. 
Now the last equality in (4.37) indeed holds true. This can be seen by replacing itib with 
^B ° Pb®b and using commutativity and the Frobenius property of A to move the action 
of A along the resulting A-ribbon from the right 5-factor to the left. We can therefore 
write 



B®B 



A 



B 





A 



B 



(4.38) 



B B 

The left-most graph is obtained by writing out the definition of Pb®b and inserting relation 
(4.36) for A^. The next step uses in particular that rriB € HomA(-B®-B, B). The final step 
follows from the first equality in (4.37) together with the properties of A to be symmetric 
and special. 

It is easy to check that the morphisms defined in (4.34) are elements of the relevant Hom^- 
spaces, i.e. ifiB € Hom^(i?(8)^i?, B) and fjB G Hom^(A, B), and analogously for and Sb- 
Of the defining properties for 5 to be a Frobenius algebra we will verify explicitly only 
associativity - the other properties are checked analogously. 
Associativity is deduced as follows: 



niB o {ms ®A J'ds) =mBO Cb^b ° ^b^b ° {'^b ® idB) o e^^s^^ 

= mBO {uiB ® idB) o Cb^b^b = " " " = ^b o {idB <^a ^b) 



(4.39) 
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In the first step the definitions (3.48) and (4.34) are inserted; afterwards the idempotent 
gb»b °fB®B = Pb®b is omitted, which is allowed by assumption. Afterwards one can apply 
associativity of 5, and then the previous steps are followed in reverse order. 

(ii) Note that since A is commutative and simple, by Remark 2.28(i) it is also haploid. 
Out of the list of properties, let us look at specialness, commutativity and haploidity as 
examples; the remaining cases are analysed similarly. 

Specialness: The first specialness relation for B follows as 



Sb o Vb 




dim(5) 
dim(A) 



(4.40) 



In the first step the definitions are substituted, while the second step uses the representation 
property of and the Frobenius property of A. The resulting morphism is an element 
of Homyi(y4, y4). Since A is haploid, this space is one-dimensional, so that the morphism 
must be proportional to icU; comparing the traces determines the constant. 
The second specialness condition is implied by 



fh^ o 



'B ^ ^B^B ° ^B^B o = o = ids ■ 



nir, o e. 



(4.41) 



Here in the next to last step we used again that ttib o Pb®b = fnB', the last equality holds 
because B is special. 

Commutativity: When B is commutative it follows directly from the form of the braiding 
in C^" - i.e. c^ = rocoe - and from the definition (4.34) oifriB that B is commutative as 
well. 

Haploidity of B is equivalent to dimHom^(yl, 5) = 1. Since y4 = Ind^(l), the reciprocity 
(2.40) implies dimHom^(y4, i?) = dimHom(l, 5). If B is haploid, then this equals 1, so 
that B is haploid as well. □ 

The following assertion shows that for any simple symmetric special Frobenius algebra 
A, local induction also supplies us with a functor from the category of Frobenius algebras 
in C to the category of Frobenius algebras in C^^"^ . 

Proposition 4.14: 

Let A be a symmetric special Frobenius algebra and B a Frobenius algebra in a ribbon 
category C, and assume that the symmetric Frobenius algebras Ci{A) and Cr{A) are also 
special. 

(i) The local C/(A) -module £-Ind^(-B) = {E\{B), p'^^'^^^y^) can be endowed with the struc- 
ture of a Frobenius algebra in the category C^^^f^^-j of local Q (A) -modules. 
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(ii) Let A be in addition simple. If the Probenius algebra Ej^{B) e Obj(C) has any of the 
properties of being commutative, haploid, simple, symmetric, or special, then so has the 
Frobenius algebra £-Indji(5) G Obj(C^;(^)). 

Analogous statements apply to Cr{A) and E\{B). 
Proof: 

Wc show the claims for Ci{A) and Ej^{B); the corresponding statements for Cr{A) and 
Ej^[B) can be seen similarly. The statements follow by applying Lemma 4.13 to the Frobe- 
nius algebra E\{B). Accordingly we must check that the requirements of that lemma are 
satisfied. Abbreviate Ci{A) by C. Recall the definition (4.1) of which according to 
Proposition 4.1 gives a local C-module structure on Ej^{B). Furthermore, we have 

p'S^B ° (idc ®m)=mo (pg?^ ^ ^^4(5)) , (4-42) 

i.e. the multiplication m of E^{B) is indeed in llomc{E^{B) (g) E\{B), E\{B)). To see this, 
we write out the definitions (4.1) and (3.15) for the action of C and the multiplication 
on E\{B), after which we can replace the resulting combination eor by Pa{B); then 
associativity of A as well as the properties (2.55) and (2.64) of the center C relate the two 
sides of (4.42). 

The equality m o P^i^f^^^^^i^^^^ —m can be verified in the same way, using in addition that 
C is special. □ 

Let us reformulate the statement of Proposition 4.14(i) for later reference: 
Corollary 4.15 : 

Let A a be symmetric special Frobenius algebra such that Ci{A) and Cr{A) are special, 
and B a Frobenius algebra, in a ribbon category C. Then there is a Frobenius algebra 

Mndf (S) e Obj(C-;(^)) . (4.43) 

in the category of local Ci/r{A)-modu\es. The underlying object of the module £-lnd'^^{B) 
is (5). 

Note that we do not introduce a separate notation to indicate the Frobenius algebra 
structure of the module (4.43). 

For the following statement we take A to be commutative, so that (4.43) is now an 
algebra in the category of local A-modules, denoted by i-lndj^{B). 

Proposition 4.16: 

Let A and B be commutative symmetric special Frobenius algebras in a ribbon category 
C. Suppose in addition that A is simple and that the Frobenius algebra E^{B) is special. 
Then ^-Ind_4(S) is special, too, and we have an equivalence 

(Cr)«nd,(B) = C'j^liB) (4.44) 

of ribbon categories. 
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Proof: 

By Proposition 3.8, Ea{B) is a commutative symmetric Frobenius algebra. By assumption 
it is also special. Since A is simple, by Proposition 4.14(ii) all properties of Ea{B) get 
transported to l-hidj^^B). In particular the three algebras A, l-l\idj^{B) and Ea{B) are 
commutative symmetric special Frobenius algebras, and by Proposition 3.21 all categories 
of local modules in (4.44) are ribbon categories. 
The equivalence (4.44) is established by specifying two functors 

F : {CA^^YeAndj^iB) ~^ ^eI(B) S-nd G : Cb^(s) {^A^Yl-lnd^iB) (4.45) 

and showing that they are each other's inverse and that they are ribbon. 
The functor F: An object M in (Ci°')^!ind^(B) can be regarded as a triple (M, p"^, p^-i'^d^(^)) 
consisting of an object M in C, a representation morphism = e Hom(A(8)M, M) that 
endows (M, p"^) with the structure of a local A-module, and a morphism p^-^'^'^Ai^) = p^j^^^^^^^^ 
GHom^(£-lnd^(B)®^M,M) such that {M, p^-^^'^^Ai^^) is a local £-lnd^(fi)-module in C|°^ 
To define F on objects we turn M into a local ii^^(i?)-module by providing a morphism 
P^a(b) g Hom(£^^ (i?)®M, M) which has the appropriate properties; we set 

pi^.(B)^^^«nd.(B),,^^^^^^^. (4.46) 

(Recall from formula (3.48) that r^^^^-j^M ^ short hand for r^^^^-j^MyE^{B)(S)^M'^ analogous 
abbreviations are implicit in 62 and 63 below.) To check the first representation property 
in (2.24) one computes - abbreviating p = p^a(b)^ ra = m^Ai^) ^ p = p^-^^^Ai^)^ fa = jT^^-ind^C^) 
as well as 62 = e^^^^^^j^, 63 = eE^^B)^E^{B)^M and similarly for r2, r3 - as follows: 

(a) 

P o {idE^{B) <8) p) = p o r2 o Pe^{b)^m o {idE^{B) p) o {idE^{B) <8) ^2) 



= p o r2 o {idE^(B) ® p) o {idE^(B) ® r2) o 63 o r3 
= p o {idE^(B) ^A P) ° ^3 = p o (m (g)^ idM) o r3 
= p o (m (8) idAf) ■ 



(4.47) 



In step (a) definition (4.46) of p is substituted and the idempotent Pe^{b)®m = -P2 = ^2 o r2 
G End(£|4(i?) ® M) is inserted before the second restriction morphism r2- Substituting the 
definition (3.46) for this idempotent, we see that it can be commuted past the first represen- 
tation and restriction morphisms p and r2, both these morphisms being in Hom^, and after- 
wards due to the presence of r2 = r2 o P2 it can be replaced by Pe^{b)!»e^{b)^m = P3 = ^3 ° t^s 
eEnd{E^{B) ® E^{B) ® M)\ this has been done in (b). In (c) the definition (3.48) of the 
tensor product over A for morpliisms is substituted, while step (d) is the representation 
property of p^-^'^^Ai.B) _ Finally in (e) the tensor product over A is replaced by (3.48), the mul- 
tiplication fh of £-Ind_4(i?) expressed through (4.34) and the definition (3.47) substituted 
for the resulting 63 o rs; then all 74-ribbons can be removed, yielding the final expression in 
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(4.47). The second property in (2.24) can be checked similarly. 

Locality of the module {M, p^^i^^) is most easily verified with the help of the condi- 
tion (ii) in Proposition 3.17. Indeed we have 6m o p = 6m o p o r2 = p o [idE^{B) ®a ^m) ° 1^2, 
where the second step uses locality of M with respect to £-Indy^(5). As a consequence, 
6Mop = por2o{idE^(B)(S)6M)oPE^(B)»M = P°{idE^(B)^0M), where in the first equality 
the morphism idE^(B)®A^M is substituted, giving rise to the appearance of the idempo- 
tent 62 o r2 = Pe^(b)0m, while the second step uses locality of M with respect to A to 
commute 6m with the idempotent, which is then omitted against r2- 

A morphism / from M to in {CA^Y^.l^^Aj^i^B) element of Hom(M, A^) that commutes 
with the two actions p"^ and p^"^'^^a(-S). The functor F is defined to act as the identity on 
morphisms: F[f) := /. If / commutes with p"^ and p^'^^'^aC^)^ then it commutes with p^^W 
as well, because (using abbreviations similar to those in (4.47)) 

/ o Pm = f°PM° r2^M= Pn ° {idE^{B)®Af) o r^^M 

^Pn° r2,M ° {idE^(B)®f) o Pe^{b)^m (4.48) 

= Pat o '^2,M ° Pe^{b)®m o (idE^(B)®/) ^ Pn° i^dE^iB) ® /) ■ 

In the second step the £-Ind4(S)-intertwiner property of / is used. The fact that / is also 
in Hom^ allows one to commute it, in the fourth step, with Pe^{b)^m- 

The functor G: We will be still more sketchy in the definition of G. On morphisms it acts 
as the identity, G{f ) :=/, just like F. To a local i?4(i?)-module {M, p^^^^^) it assigns the 
object G'(M,p^a(-B)) ._ (M,p^,p""dA(-B)) of {Ci°%:i^^^^s^ as follows: 

p^ — p^AiB) o (eEjB) idn) o (jcU J?^ idivf) e Hom(A ® M, M) , 

(4.49) 

pt-m^B) _ pE^iB) „ e„„d^(B)®M e Hom(Mnd^(S) (g)^ M, M) . 

To verify the representation property of needs the relation 

P^-(^) o Pe^^b)^m = P^-(^) , (4.50) 

which can be seen by combining the definition (3.46) of Pej^{b)®m and of p"^ in (4.49) with 

the representation property of p^a(^) and the definition (3.15) of the product on Ej^{B). 
Using the condition of Proposition 3.17(ii) one can further convince oneself that p^ and 

^£-ind^(_B) g^j^p local; we omit the calculation. 

F and G as inverse functors: F and G are clearly inverse to each other on morphisms. 
That FoG is the identity on objects follows from (4.50). To see Go F — Idon objects one 
must verify that 

pA _ pi-ind^B) o r^^(5)^^^^_^(5)^^^ o (e^^(e)^^^5 ® j-Jm) o (ick ® r?^ ® idM) , 

„£-Ind^(S) _ e-Ind^{B) \ ■ ) 

P — P ' E^(B)^M'^E^{B)®^M ^E^(B)^^M^E^{B)®M ■ 

The second equality is obvious. To see the first equality one replaces id^ by m o (id^ (g) r/^) 
and uses the fact that all morphisms are in Hom^ to trade the multiplication first for the 
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representation of A on E^{B), then on E^{B)i^^M, and finally on M. The morphism 
pi-indj^iB) -g j^Q^ applied to the unit of ^-Ind^(5) and can be left out. The remaining 
morphism is precisely p^, the action of A on M. 

F as tensor functor: Denote by ®i the tensor product in {C^^Yll^^^ (^b) ®2 the tensor 

product in C^e{B)- We need to show that F{M ®i N) = F{M) ®2 F{N); as we will see, the 
two objects are in fact equal. Since F only changes the representation morphisms of M 
and N, but not the underlying objects M and N we have (working with the Karoubian 
envelope, see formula (3.49)) 

F{M ®iAr) = ((M®iV; Pi), pi) and F(M) ®2 F{N) = ((M®iV; P2), P2) , (4.52) 

where M and N are objects in C and pi_2 are representation morphisms for the algebra 
Ea{B). Further, Pi is the idempotent in End(M(8)7V) whose retract is M<^iN, while P2 
gives the retract F{M) 02 F{N), i.e. 

Pi = e o e' o r' o r and P2 = e" o r" , (4.53) 

where the abbreviations e = eM(g)^N^M(g)N, e' = eM(g)g_i^^^^^g^N-<M^^N, e" = eM(g)E^(B)N^M(g)N, 
as well as an analogous notation for r, r', r" are used. By direct substitution of the defini- 
tions one verifies that Pi = P2. It then remains to compare the representation morphisms 
Pi and p2- Again by substituting the definitions one finds that they are 

Pi = P2 = (Pm^'^^^^'^o rB^(B) ^m) ® idN G Rom{EA{B) ^M^N,M^N). (4.54) 

F as a ribbon functor: The duality and braiding are defined as in (2.16) and (2.17), with the 
idempotents given by the idempotents (3.47) for the corresponding tensor products. But 
since the idempotents Pi^2 which define the retracts M -< M ^ N and F{M) ®2F{N) 
-<M ® N are equal and F acts as the identity on morphisms, duality and braiding of 
(Q°'')«nd IB) S^t mapped to duality and braiding of C^E^iB)- '-' 
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5 Local modules and a subcategory of bimodules 



The aim of this section is to estabhsh - in Theorem 5.20 - an equivalence between the 
three ribbon categories ^cvV) ^a\a- Here C^^^ denotes the full subcategory of 

Ca\a whose objects are those A-bimodules which are at the same time a sub-bimodule of 
an aj[-induced and of an aj^-induced bimodule. 

To obtain this equivalence we introduce families of morphisms in the category of left 
modules and in the category of bimodules over a symmetric special Frobenius algebra. 
These families will be called pre-braidings. The terminology derives from the fact that 
for left modules the pre-braiding restricts to the braiding defined in (3.50) if the algebra 
is commutative and the modules are local, while for bimodules it gives rise to a braiding 
when restricted to C^|^ (Propositions 5.5 and 5.12). 

After discussing these preparatory concepts, a tensor functor from C^^^ ^-^^ to is 
constructed. Then it is first shown that this functor respects the braiding, and finally that 
it provides an equivalence, thus establishing the theorem. 

5.1 Braiding and left modules 

Let A be a symmetric special Frobenius algebra in a ribbon category C. If A is in ad- 
dition commutative, then one can define two tensor products (8)^ on the category C4 of 
left A-modules, by extending the tensor product on its full subcategory C^" of local A- 
modules (see Section 3.4) in two different ways. The basic ingredients are the idempotents 
introduced in (3.46), i.e. 



M N M N 




M N M N 



for any pair M, of A-modules. 

If M is local, then Pm^+n ~ ^mi^x^ ~ ^mi^j^ as defined in (3.46), and one deals with 
tensor product ®^ on C^" described in Section 3.4. In contrast, for general A-modules we 
get two distinct tensor products 0^. If, for u E {±}, the idempotent Pm^-^n is split, we 
denote the associated retract by (ImiA^^^Tv, ^m^n^ ^'m®n)^ ^^"^ ^^us the tensor product ®^ 
is given by 

M ®aN = lm.PM^lN and f ®a9 = ^wm' ° U ® 9) ° (^\tm (5-2) 

for M, M', iV, N' e Oh]{CA) and / G HomA(M, M'), c/ G HomA(iV, N'). If Pm®^^n is not split, 
we must instead work with the Karoubian envelope; then the same comments apply as in 
the case of C^" that was discussed in Section 3.4. 
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When the symmetric special Probenius algebra A is not commutative, Ca is, in general, 
not a tensor category. However, we can still perform an operation that has some similarity 
with a tensor product. This then allows us in particular to introduce a 'prc-braiding' on Ca 
that shares some properties of a genuine braiding. To this end we restrict, for the moment, 
our attention to induced modules. For any pair U, V of objects of C we introduce the 
endomorphisms 

P(g)+{U, V) := Um (g) idu (8 id^) ° {idA (8 %^ ® id^) ° {idA ® idu ® A)l (g) idy and 

^^x ^) ^ ® -''^^^ ° ® ^^i^ ^ -''^^^ ° ® ■'^^ ® 

in EndA(IndA(C/<8)A(8)y)), with c the braiding on C. 



Lemma 5.1 : 

The morphisms P^±{U,V) are spht idempotents, with image IndA{U<SiV). 
Proof: 

That P^±{U,V) are idempotents follows easily by using (co) associativity and specialness 
of A. To show that they are split, we just give explicitly the corresponding embed- 
ding and restriction morphisms e^y = e^± {U, V) G Hom^(IndA(t/ '^V),lndA{U i^Ai^V)) and 

r^y = r^± {U, V) e RomAilndAiU^A^V^lndAiU^V)): 

e^y = [{idA<^c^\) o (A&du)] O idy , r^y = [{m<^idu) o (idA®%^)] » idy , 

- r ' 1 - r -11 y^-^) 

^uv = [i^dA^c^^u) ° (A®id[/)J ® idy , r^y = |_(m®idt/) o {idA<^c^^u)\ <8) idy . 

That ei,y or^y = P(^^{U, V) is an immediate consequence of the Frobenius property of A. 
Further, as a result of specialness of A the composition r^y o e^y is equal to idA<^idu®idy, 
hence the statement about the image. □ 

The module retracts associated to the idempotents P^±{U, V) are used in 

Definition 5.2 : 

The operations <S>a- C^'^xC^'^ ^C^"^ e {±}) are given by 

IndA(t/)®^IndA(V) := ImP^.(^7,V^) = (Ind^(t/®V), e^^, r^^) (5.5) 

and 

f®lg:=T^,y,o{f®g)oely (5.6) 
for [/, V, U', V e Obj(C) and / e Hom^(IndA(C/), IndA(C/')), 9 e HomA(IndA(y), IndA(\^'))- 

In general, (/i(8^5'i) o {f2®A92) is not equal to (/10/2) ®^ {gi°g2): so that 0^ is not a 
functor from C^'^xC^'^ to Q''^, and hence in particular it is not a tensor product. However, 
for commutative algebras ®^ docs constitute a tensor product on C)^"^. Indeed, the follow- 
ing statement can be verified by direct substitution of the respective definitions: 
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Lemma 5.3 : 

For every commutative symmetric special Frobenius algebra A the operations ®^ and 
coincide on Q''xCJl"^ i.e. lndA{U) IndA(V^) = lndA{U) (g)^ IndA(V^) and f®^ g = /Oj^ g for 
all U, V, U', V e Obj(C) and all / e HomA(IndA(t/), IndA(t/')), 9 e HomA(IndA(l^), IndA(l^'))■ 
Definition 5.4 : 

Let A be a (not necessarily commutative) symmetric special Frobenius algebra in a ribbon 
category C. For /x, G {±}, we denote by ■y'^^^^ the family of morphisms 

■.^idA'^Cuy for U,VeOhjiC) (5.7) 

in HomA(Ind^(;7)®^IndA(V), Ind^(V^)®Pnd^(t/)). 

We will refer to the family 7^^^^, and likewise to similar structures occurring below, as 
a pre-braiding on C^"*^. While 7^^"^ is itself not a braiding, it will give rise to one when 
restricted to a suitable subcategory. 

For the rest of this subsection we suppose that the symmetric special Frobenius algebra 
A is commutative. Then 7^'*'^ can indeed be used to obtain a braiding on the category Cj"" 
of local A-modules, and this braiding coincides with the one already described in (3.50). 
To obtain a statement about C^" we must, however, get rid of the restriction to induced 
modules. To this end we recall from Lemma 4.8(ii) that every yl-module, and hence in 
particular every local A-module, is a module retract of an induced module. Accordingly 
for each local ^-module M we select an object Um ^ Oh j{C) such that {M,eM,TM) is a 
module retract of IndA(C/M)- Then for i^G {±} we define a family F^'^ of morphisms 
of Ci°^ by 

^i'^N ■■= (rN ®1 tm) o iZ^'u. ° K ^n) (5.8) 

for M, G Obj(C4°''). Note that even though (g)^ = 0^ for local modules, here we still must 
use the operation because the induced module IndA(?7M) is not necessarily local, so 
that e.g. the morphism cm G Homyi(M, Ind^(?7M)) is, in general, only a morphism in Ca, 
but not in 

The following result implies that V^^^ does not depend on the particular choice of the 
triple {Um,^Mi^'m)- It also establishes that Y^^'^ is actually independent of ji and u, that 
it furnishes a braiding on Ca"-, and that this braiding coincides with the braiding defined 
in (3.50). 

Proposition 5.5 : 

Let A be a commutative symmetric special Frobenius algebra and M, N be local ^-modules. 
Then 

for n^u E {±}. 
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Proof: 

Writing out the definition of T^'^ gives 

In the sequel we consider the case = — , z/ = + as an example. (The other cases are verified 
similarly.) In pictorial notation, formula (5.10) is the first equality in the following series 
of transformations: 



N^^M N^^M N®j^M 




M(g)^N M(g)^N M^^N (5.11) 



The second step of these manipulations involves a rewriting of the marked A-ribbons as 
idempotents J^j^±^, which uses in particular that A is commutative and that M and are 

local. Furthermore, the identity idA = rnoc^^^o A, which holds because A is special and 
commutative, is inserted. In the last step, the marked multiplication and comultiplication 
morphisms are dragged along the paths indicated (becoming representation morphisms for 
part of the way); this relies again on A being commutative. 

In the final picture, the idempotents Pm(^^n ^^'^ ^e removed, while the morphisms cm/n 
and tm/n combine to the identity morphism on M and N , respectively. Comparison with 
(3.50) then shows that T^^y"^ = Cmn^ ^ claimed. □ 
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5.2 Braiding and bimodules 

Prom now on A is again a general symmetric special Probenius algebra, not necessarily 
commutative. 

The category Ca\a of A-bimodules contains interesting full subcategories which were 
studied in [7] and [37]. 

Definition 5.6 : 

The full subcategories of Ca\a whose objects are the q^-induced and the aj^-induced bi- 
modules, respectively, are denoted by C^^a'"^ and C^j^'"'*, and their Karoubian envelopes 
by 

C^Ia (<A "'^f • (5-12) 

The category C^^^ of amhichiral A-bimodules is the full subcategory of Ca\a whose objects 
are both in and in C^^, i.e. 

^A\A ^A\A ^ ^A\A ■ (5.13) 

One can wonder whether the pre-braiding 7^/*^ on C^"^ can be hfted to the bimodule 
category Ca\a- We will see that this is indeed possible, by constructing families ^^'^'^ of 
morphisms satisfying i?^(7^y'') — 'fuv', where 

Ra: Ca\a^Ca (5.14) 

is the restriction functor whose action on objects consists in forgetting the right-action of 
A on a. bimodule. To do so first note that, as follows again by a straightforward application 
of the definitions, we have 

a'^iU) ^A c^^iV) = {a^U^V), e^^, r^y) , (5.15) 

with e^y and r^y defined as in (5.4), as a bimodule retract of a^{U) (8) a'^{V). To proceed 
we set 

7^r:=^'dA®%,y (5.16) 

for fijiy & {±} and U,V E Obj(C) as in formula (5.7), but now regarded as morphisms from 
0(a{U)<^a<^a{^) to <^a{^)'^a(^a{U) ■ These families will again be called pre-braidings. 

Lemma 5.7 : 

The pre-braidings 'y^y' defined by (5.16) have the following properties, 
(i) For {/ii/) e {(++), (H — ), ( )} they are bimodule morphisms, i.e. 

7^Jr e }iomAiAK{U)®A<{V), a^A{V)^A<m . (5.17) 
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(ii) They fulfill 

it:A(7^r) = 7^r , (5-18) 

with Ra the restriction functor (5.14). 
Proof: 

(i) Compatibility of 7^^*^ with the left action of A is clear. In the case of the right action 
p^, given for ct-induced bimodules in (2.31), we must show that 

7^r°«,-{^)®-4Pr(v^)) = {ida^iv)®AP'rm)o{iir®idA). (5.19) 

Writing out the definitions, this amounts to 

{idA (8) %y) o r^y o {idA idu ® Pr (^)) o (e^^ (g) id^) 



= r{^jj o (idA <8) idv <8) p(:'(?^)) o {eyu ® jcIa) o (id^ ® ® id^) 



(5.20) 



Inserting also the definitions of pf, e and r one verifies, separately for each choice of 

{pi^) e {(++), (H — ), ( )}, that this equality follows from the properties of A and of the 

braiding in C. 

(ii) For a-induced bimodules we have RA{a^{U))=lndA{U), so that 

RA{a^{U)^A<{V)) = RAialiU^V)) = IndAiU^V) . (5.21) 

Thus Ra maps the source and target objects of ^^y" to those of j^v'^. As a consequence, 
the equality 

Ra{7uv'') = RA{idA<^Cuy) = idA <8) c^y = 7c/y'' (5-22) 

follows immediately. □ 

The morphisms ^^y'^ are not all functorial, as would be required for a braiding. But 
still we have the following properties. 

Lemma 5.8 : 

For any U, V, R, S e Obj(C) the following identities hold in Ca\a- 



(i) 




o {id®j^g) = 


((7®^id) 07^++ 


for g e¥[omA\Aia^iS),a;^{V)) . 


(ii) 




o (/®^id) = 


(id®^/)o7^-- 


for /GHomA|A(ttA(i?),«l(f/)) ^ 


(iii) 




o {id^A9) = 


(^(g)^id)o7^++ 


for ^eHomA|A(Qil('S'),Q;^(\^)) . 


(iv) 




o (/®^id) = 


{id^Af)°lRV~ 


for / e HomA|A(Q;l(-R),al(C^)) 


(v) 




° {f<^A9) = 


{9®Af)oiRS~ 


for /eHomA|A(aA(i?), «!([/)) 
and g e'iiomA\A{oiX{S),0£X{V)) 



Proof: 

The statements are all verified in a similar manner; we present the proof of (iv) as an 
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example. Substituting the definitions we find 





(5.23) 



In the first step the definition of 7"^"'"" and of the tensor product of morphisms is inserted. 
The second step uses first that the morphism / intertwines the right action of 04 (-R) 
and a\{U) so as to take it past the multiphcation, and next that it intertwines the left 
action (and hence, by the Frobenius property, the left co-action as well) to commute it 
past the comultiplication. The resulting morphism on the right hand side is equal to 

So far we have a pre-braiding on the categories C^i^'""^ of a-induced bimodules. We 



proceed to construct pre-braidings f ^^"^ for C 



A\A- 



Definition 5.9 : 

Select, for each bimodule XGObj(C^|^) and /xG{±}, an object f/^GObj(C) and mor- 
phisms e^, such that (X, e^, r^) is a bimodule retract of aj^(f/^). Then for X G Obj(C^|^), 
Y G Obj(C^i^) and (/iz/) G {(++), (+-), ( )} the morph ism V xY defined as 

f := (^y ®A r'x) ° 7^^;^ ° (4 ®A e^) • (5-24) 

We will now show that the families T^^" of morphisms have similar properties as those 
of the pre-braidings that were listed in lemma 5.8. In particular, the morphisms 

r^y~ turn out to be functorial and thus furnish a relative braiding between C^^ and C^^, 
which coincides with the relative braiding introduced in Proposition 4 of [37]. Indeed we 
have 
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Lemma 5.10 : 

For any X^, Yi", Ri", -S^ e Obj(C^|^) (// e {±}) the following identities hold in Ca\a- 

(i) ri++ o (id^^g) = (g^^id) o ri++ for g e Hom^|^(,S+, Y+) . 

(ii) riy- o (/®^id) = (id®^/) o f^^- for / e Hom^|^(i?-, X-) . 

(iii) f o (id^^g) = {g^^id) o f^++ for g G Hom^|^(X+, F") . 

(iv) f^+- o (/0^id) = {id^J) o f^^- for / e Honu|^(i?-, X+) . 

(v) f o = (^®^/) o f^+- for / e Hom^|^(i?+, X+) 

and e Hom^|A(-S'~, y~) . 
Here the abbreviations F^y^ — used. 
Proof: 

These properties of T'^^'^ are easily reduced to the corresponding properties of 
Lemma 5.8. Let us treat (i) as an example. Writing out the definition of r^++ on the left 
hand side of (i) gives (abbreviating also =i^x+ ^^^0 

f^++ o (idx+ g) = {4 ®A 4) o ^t^^^ o (e+ {ey o g)) , (5.25) 

while for the right hand side we have 

{g 0^ idx+) o f^++ = ((50 r+) 0^ r+) o 7^++^ o (e+ 0^ e+) . (5.26) 

Since ef^^ej is monic and r^^^'s" ^pi, it is sufficient to show equality after composing 
the two expressions (5.25) and (5.26) with ey0^ej from the left and with rx<S>A4 from 
the right. The resulting expressions are indeed equal, as is seen by using Lemma 5.8(i) 
with idx+ ®A i^Y ° 9° 4) place of id 0^ g. □ 

The pre-braiding Y^^'^ gives rise to a braiding on C^|^. The following observations will 
be instrumental to establish this result. 

Lemma 5.11 : 

(i) The morphisms r^++ satisfy 

^iV ° (/ ®A 9) = (9 ®A /) ° f (5.27) 

for X,R,Se Obj(C+^), Y e Obj(C4%), and / e Hom^|^(i?, X),ge Hom^|^(5, Y). 

(ii) The morphisms T"^ satisfy 

f ^r" ° (/ ®A 9) = {9 ®A f) ° ^Rs~ (5-28) 
for X e Obj(C4%), Y,R,Se Ohi{CX^^), and / G HomA|^(i?, X),ge HomA|^(5, Y). 

(iii) When restricted to C^^x the morphisms r^++ are functorial; when restricted to 
C^^x C^i^, the morphisms are functorial. 
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Proof: 

We establish (i); the proof of (ii) works analogously, while (iii) is an immediate consequence 
of (i) and (ii). 

By assumption on Y there arc bimodule retracts (F, ey,ry) of cxAi^y) ^y) 
a^iUy)- Since Cy £ Hom^|yi(F, a^^Uy)) is a monic, it is sufficient to verify that 

(ey ®^ idx) o f^++ o (/ <8)^ g) = {cy (8)^ idx) o {g 0^ /) o f^++ . (5.29) 

That this equality holds can be seen by using the properties of estabhshed in Lemma 
5.10: 

{ey idx) o f^++ o (/ 0^ g) W f o {idx ^y) o (/ ®a Q) 

= ®A f) o ^it-iu-) ° (^'^^ ®A ey) o {idn ®^ ^) ^^^^^ 

i (ey ®^ idx) o (5®^/) of ^++ 
(above the equality signs it is indicated which part of Lemma 5.10 is used). □ 



Proposition 5.12: 

When restricting f^'^'^ with (/xz/) e {(++), (+-), ( )} to C^^^x C^^^, we have: 

(i) The three families coincide. Thus we can set 

rA f^A++ _ f^A+- _ -pA — ^t^'i^\ 

^ XY ■— ^ XY — ^ XY — ^ XY \O.Cti.) 

for all X,yeObj(C4%). 

(ii) The morphism F^y is independent of the choices e^ y, r^y and Ux^y that are used in 
its definition. 

(iii) The family F"^ of morphisms furnishes a braiding on C^^a- 
Proof: 

(i) We demonstrate exphcitly only the case F^y'*' = r;^y~; the case F^y" = ^jcY~ can be 
shown in the same way. 

We have X, F G Obj(C^^), so there are bimodule retracts (X, ej,r^) of a'^{Uy) and 
(F, CyjTy) of qK^/y). Furthcrmore rj(8)^ry is epi, so that it is sufficient to establish 
that 

f ^++ o (r+ ®^ 4) = f o (r+ ®^ r+) . (5.32) 
Because of F G Obj(C4|^) we can apply lemma 5.11(i) to the left hand side, yielding 

o (r^ ^A 4) - {4 ®A ri) o rf i;.. . (5.33) 
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For the right hand side of (5.32) we get 



where the first step amounts to Lemma 5.10(v), while in the second step Lemma 5.10(iii) 
is used, which is aUowed because the source of the morphism Vy G Hom^|^(a|(t/y ), Y) is 
in and its target is in C^^^ and thus in particular in C^^. 
Comparing (5.33) and (5.34) we see that (5.32) indeed holds true. 

(ii) is implied by (i). Indeed, T^.y^ cannot depend on the choices of ejyy, r^/y ^x/y 

because manifestly does not. Conversely, Fxr" must be independent of e^^y, r^/y 

and U^^y. Likewise, since T^y~ equals r;^J+, it is independent of the choices for ej, 

and C/^, and since it equals ^xy~^ independent of the choices for ey, Vy and Uy. 

For the proof of (iii) the tensoriality of the braiding - the second hne of formula (2.2) 
- must be verified. This can be done by direct computation. We do not present this 
calculation, but rather prefer to use a different argument later on, as part of the proof of 
Theorem 5.20 in Section 5.3. □ 



5.3 A ribbon equivalence between local modules and ambichiral 
bimodules 

Given a symmetric special Frobenius algebra A and any pair U, V of objects of a ribbon 
category C, define the linear maps ^^.^y by 

<i>'j!^y : Hom^(IndA(t/), IncUV)) ^ Hom(Q/.®f/, Q/r^V) 

' (5.35) 

/ ^ {rci/r ® idv) o / o (cq/^ ® idu) , 

where C;/^ stands for Ci{A) and Cr{A), respectively, and r^^^ and e^^^ are the restriction 

and embedding morphisms for the retract Ci/r -<A. One checks that ^A^uvif) commutes 
with the action of Ci/r, i.e. we have 

$^;^y : Hom^(Ind^(t/), Ind^(V)) — . Homc,/,(Indc,/,(t/), Inda,,,(V)) . (5.36) 



Definition 5.13 : 

For X e {Z, r}, the operations 

are defined on objects as 



$1 : ^ C'S^ (5.37) 

$I(IndA(C/)) :=IndcjC/) (5.38) 
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for U e Obj(C), and on morphisms as 

nif) ■■= n-Mf) ' (5-39) 

with ^%.uy defined by (5.35), for / e Honu(IndA(C/), IndA(y)). 

The following properties of the maps ^K^uv immediate consequences of the defini- 
tions. 

Lemma 5.14 : 

The maps ^A;UV defined in (5.35) fulfill 

^A-uu(^dA®^du) = idc, idu (5.40) 

as well as 

n-ywig) ° n-Mf) = n;Uwi9oiPI^idv)of) (5.41) 
for /eHomA(Ind_A(f/),IndA(\^)) and ^ G HomA(IndA(\/), 1ikU(W")). 

As indicated by the appearance of the idcmpotent P^^^ on the right hand side of (5.41), 
the operation $4 is not a functor. However, as will be seen below, $^ can be used to 



define a functor from to Cc^ 



l/r 



Lemma 5.15 : 

The operations (^^^ compatible with the pre-braiding 7"^ in the sense that 

^Ailt^^) = lu'v^ and $;(7^f -) = 1%- (5.42) 

for all C/,yeObj(C). 
Proof: 

As a straightforward application of the definitions, we have 

^Ailtv^) = ^Amv,v^u{^dA®cuy) = (re, o id^ o ecj ® cuy = 7uv^ ■ (5-43) 
and similarly for ^^(T^y")- '-' 



Lemma 5.16 : 

The map ^a[iv restricts as follows to bijections between spaces of bimodule morphisms of 
a-induced 74-bimodules and module morphisms of (locally) induced Cj/^-modules: 

■■ iiomA\A{anU),aUV)) ^ Homc,(Indc,(C/), Indc,(V-)) , 

(5.44) 

^^^7uy ■ liomAiA{aX{U),aX{V)) Homc.(Indc.(C/), Inda(T^)) . 
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Proof: 

This is a consequence of the Proposition 2.36 together with the reciprocity relations (see 
Remark 2.23(iii)) 

Hom(Q/,®C/, V) ^ Homc,/,(Indc,/,(C/), Indc,/,(l^)) . (5.45) 

Using the exphcit form (2.42) and (2.69) of these isomorphisms, one can check that they 
are indeed given by restrictions of the maps ^j/.^y n 

We now compose the operations ^'^^ with the restriction functor Ra (5.14). 
Definition 5.17: 

For A a symmetric special Probenius algebra in a ribbon category, the operations 

GX" : C^i^'"'* ^ C^f and G'^" : CJ|^'"'^ ^ C^; (5.46) 

are defined as the compositions G^'^ :— o and C'J?'' := o R^ of the operations (5.37) 
with the restriction functor (5.14). 



Lemma 5.18 : 

Let A be a symmetric special Probenius algebra in a ribbon category C such that the 
symmetric Probenius algebras Ci{A) and Cr{A) are special. Then we have: 

(i) The operations G±.'^ are functors. 

(ii) They constitute tensor equivalences between the categories C^^^^'"^ and Cq^^^. 

(iii) They satisfy 

GTh^r) = lu'v^ and ^^(7^^") = 1%- ■ (5.47) 

Proof: 

We establish the properties for G^"^; the proofs for G^^"^ work analogously. 

(i) G^'^ is a functor: Recall from the comment before Lemma 5.15 that G^'^ is not a 
priori a functor, since $4 is not. However, after composition with Ra we have, for 
/ e HomA|A(aA (C/), a^{V) and g e HomA|A(al(^), a^iW), 

o RAigof) = ^\{gof) = ^'A;uwi9°f) (5-48) 

as well as 

^!,{Ra{9)) o ^kiMf)) = ^a{9) ° ^Aif) = ^A;vwi9) o 

(5.49) 

= ^A;uwi9 ° iPi^idv) o /) = ^'A;UwiiPA®idw) o g o f) . 

Here in the third step Lemma 5.14 is used, and in the last step the idempotent P\ is moved 
past g, which is allowed by Lemma 2.35. Pinally, when inserting (5.35) for ^a.^uw{-)-i the 
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idempotent can be left out because of the presence of tq, thereby yielding the right 
hand side of (5.48). Thus G^ig o /) = G^ig) o G^if)- 
That G^^'^{id) = id follows again from Lemma 5.14. 

(ii) G^^'^ is an equivalence functor: Clearly G^^'^ is essentially surjective on objects. Further, 
by the first equivalence in Lemma 5.16, G^f!'^ is an isomorphism on morphisms. 



GX" : Hom^|^(a+(f/),a+(\/)) ^ Homc,(Indc,(f/), Indc,(V^)) . (5.50) 



The right hand side of (5.51) is equal to GY{a^{U)) GYic^Ai^))- Thus G^ is tenso- 
rial on objects. 

For / e Hom^|A(aj'(f/), a^iU')) and g E Hom^|A(«l(l^), a^iV')) the morphisms G+''(/®a5') 
and GYif) ®Q GYig) read 




(5.51) 




v 



GYif^Ag) 




f 



(5.52) 



V 
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and 



^ind ^ /^ind/'„\ _ dim(A) 




(5.53) 



Q (7 V 

In (5.53) the definition of tlie (co)multiplication on Ci lias been substituted and Lemma 
2.29(iii) fias been used to omit one of tlie two resulting idempotents at m and A. 
To see that (5.52) and (5.53) are equal we consider the following identity, which can be 
obtained by dragging the marked multiplication along the path indicated. In order to do 
so one first uses that / e Hom^|^(a;j|"(f/), 04 (f/')) (applied to the right action of A) and 
next that g G Hom^|A(Q;^(V^), 04 (V"')) (applied to the left action of A). 



h{q) 





(5.54) 



For q = idA, the A-loop on the right hand side is equal to the counit Ea- On the other 
hand, for q = P\, Lemma 2.29(iii) allows us to replace the A-loop by a Crloop, which by 
specialness of Ci is equal to the counit of Ci and a restriction to Ci, i.e. to replace the 
A-loop by °fCi- The latter, in turn, is equal to dmi{Ci) /d\m{A) ea- Thus 



(5.55) 
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Now the right hand side of (5.52) is equal to {rci<^idu'<S)idv') o h{idA) o {eci<^idu<^idv), 
while the right hand side of (5.53) equals - after eliminating one of the two idempotents 
with the help of Lemma 2.35 - dim(A)/dim(C;) (rQ^idu'^idv) oh{P^) o (eci^idu^idv)- 
Hence the equality (5.55) implies that GY{f^A9) = GY{f) ®C( G^ig)- 
(iii) G^^"^ is compatible with 7^ : The equality 

GX'iiin = ^i(i?A(7^r)) = ^i(7^r) = 7^r (5.56) 

follows by just combining Lemma 5.7(ii) and Lemma 5.15. □ 
Via Karoubification the functors G^^.'^ induce functors 

G+: C+ ^Cc, and (?_ : C^^^ ^ Cc. ■ (5.57) 



Proposition 5.19 : 

The functors G± are tensor equivalences and satisfy 

G+(f 1++) = rg;tAG+(>^) ^' ^ ^ Obj(C4%) and 

(5.58) 

G-(f^y-) = ^S:ix)G.iy) ^' ^ ^ Obj(C4^J . 

Proof: 

By Proposition 4.9 we have Cc, = (Cq'*)^. That Ci is a tensor equivalence then follows 
from the corresponding property of G±.'^ established in Lemma 5.18 by invoking Lemma 
2.9. 

The proof of the property (5.58) will be given for G^ only, the one for being analogous. 
Using the realisation of the Karoubian envelope via idempotents, let X = {a^{Ux);p~^) 
and F = (al(t/^);pJ). Then 

= (pf o ip-^^ o (p+ ®^p+) . (5.59) 



Also, if M= (IndQ(C/);p) and N ^ {IndciiV); q) are objects in {CSt)^ ^ ^lien 

r^^+ = (g ®Q P) o 1^^^ o (p g) . (5.60) 

By definition, G+{X) = {GY{(4.{U^))] G^iPx))'^ the desired property of G^ thus follows 
from the equalities 



G4r-J+) = GX\{p^®APl)oip^, o (p+®^pf )) 

7+ ^ 



[GTiPy) ®c, (pi)] o rJ;V+++ o [GV-(p+ ) Gr br)] (5-61) 



^G+(X)G+(Y) 
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where we also used the compatibihty of 7^ with G^^'^ from Lemma 5.18(iii). □ 

We are now in a position to present our first main result, the ribbon equivalences 
between local C;/r(^)-modules and ambichiral A-bimodules; based on results of [7], these 
equivalences have been conjectured in 'claim 5' of [37]. 



Theorem 5.20: 

Let A be a symmetric special Frobenius algebra in a ribbon category C such that the 
symmetric Frobenius algebras Ci/r{A) are special as well. Then there are equivalences 

'^Ci{A) - ^A\A - ^Cr{A) {p.'QZ} 

of ribbon categories. 

We will only present the proof of the equivalence C^Ci{A)—^a\a explicitly; the second 
equivalence can be shown by similar means. ^ As a preparation we need the following two 
lemmata. 

Lemma 5.21 : 

We have the following bijections between spaces of bimodule morphisms of a-induced A- 
bimodules and module morphisms of (locally) induced Crmodules: 



(5.63) 



¥+^-y : }lou,A\A{aX{U),a^{y)) ^ Romc,{lndc,{U)J-lnd^{V)) 

¥^+v ■■ Hom^|^(a^(C/), a+iV)) Homc,(Mndi(C/), Indc,(l^)) . 

The maps ^'a^jJv ^A~Lfv given by 

*Aj/V(/) = /°(eQ®idc;) and ¥^-+^{g) = {rc^ ^ idy) o g . (5.64) 

In the definition of ^''^{Jy^ realisation of £-Indji(y) as {lndA{V); P{{V)) is imphed for 
obtaining the relevant subspace of HomQ(IndA(?7), Indyi(\^)), and similar implications hold 
for the definition of ^^T^ly. The bijections (5.63) satisfy 

*A7vf/(^) ° = ^'A^uuig ° /) ■ (5-65) 

Proof: 

This is a consequence of Proposition 3.6 together with the reciprocity relations (see Remark 
2.23(iii)) 

Rom{U,Ei{V)) - Homc,(Indc,([/),Mnd^(l^)) and 

(5.66) 

liom{E{{U),V) ^ Homc,(Mndji(C/),Indc,(V^)) . 

Using the explicit form (2.42) and (3.9) of these bijections, one checks that ^^^[^ and 
^Auv indeed given by the maps (5.64). Furthermore, substituting (5.64) and the 
definition (5.35), it is immediate that (5.65) holds true. □ 



^ Recall also declarations 2.10 and 3.2. 
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Lemma 5.22 : 

The following two statements are equivalent: 

(i) {{a^{U);p),e,r) is a A-bimodule retract of a^iV), 

(ii) ((Indc,(C/); ^k;UuiP)), *a7vc/(^)) is a Q-module retract of £-Indji(V^). 
Proof: 

We will need two series of identities, both of which hold for any choice of morphisms 

p e HomA|A(al(t/), a^{U)), e e Honi4|A(al(t^), (^)) and r G HomA|A(al(^), al(t^))- 
The first series of identities is 

= ^A;Uu{{PA°idu)opop) = ¥a;Uu(P°P) ' 

Here the first step holds by Lemma 5.14, in the second step Lemma 2.35 is used, and in the 
third step the idempotent P\ is omitted against the restriction morphism contained, 
by definition, in ^^.f/f/. The second series of identities is 

"^y-uir) o ^'Atuvie) = ^^Ati/uir o e) = ^!,,uuir o e) , (5.68) 

where the first equality uses (5.65) and in the second equality holds because ^^^^^ is just 
a restriction of ^a-uu ^'^ ^ subspacc. 

(i)=^(ii): By assumption (i), p is an idempotent and we have roe = p. By (5.67) this 
implies that ^A-uuiP) idempotent, too. Furthermore, by the equality (5.68) we have 
.vuir) o ^^Adjvie-) — ^A:uuip)^ which is equal to the identity morphism of (Indc, (U); ^a-uu 
(p)), thus establishing that we are indeed dealing with a Cj-module retract. 

(n) ^ (i): Conversely, suppose that ^A~vu{r) o ^'^^yi^) — ^A-uuip) that ^A;uuip) 
idempotent. Then equations (5.67) and (5.68) tell us that also ^A-uuiP°P) ~ ^A uuip) 

^A 

■uijiroe) — ^A:uuip)- Since, by the first isomorphism in Lemma 5.16, ^a-tju is injective 
on EiadA\A{c(A{U)), it follows that p is an idempotent, and that eor=p, which is the 
identity morphism in End^|^((Q;^(t/);p)). □ 

Proof of Theorem 5.20: 

Denote by G: C^^j^^Cci the restriction of to C^^a- ^^^^ show that G is a ribbon 
equivalence between C^^^ and C'c^(^^y 

(i) The image ofG consists of local modules: Objects in C^^ are of the form B = {a^{U);p). 
If B is also in C^^, then there exist morphisms e, r such that {{a^{U)]p), e, r) is a bimodule 
retract of q;^(V") for some Obj(C). By Lemma 5.22 it follows that {{lndci{U);^A;UuiP))^ 
'^Atuvi'^)' ^A7vaf(^)) is a Q-module retract of the local module £-Ind^(y). 

Thus G{B) — (IndciiU); ^a;Uu{p)) is a retract of a local module, and hence local itself. 

(ii) G is essentially surjective on the category of local modules: From (i) we know that G 
is a functor from Cj'i^ to C^'^f^j^y By Proposition 4.12 every local module M is isomorphic 

to a retract of a locally induced module £-Ind^(V^) for some V^eObj(C). We can write 
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M^(£-In4(y);?) for some idempotent q e EndQ(^-Ind^(y)). However, we want to make 
a statement involving C;-modules rather than locally induced A-modules. To this end we 
introduce the morphisms 




These morphisms fulfill e' or' — q, as can be seen as follows. First note that Lemma 2.39, 
specialised to U = V = 1 and $ = id^, together with Lemma 2.29(iii) and 2.29(ii) as well as 
specialness of Ci, implies that m o (id^ o P^) o A = id^. It is then easy to convince oneself 
that an appropriately modified version of Lemma 2.39 gives rise to the analogous identity 
m o (i^ o id^) o A = idA- This, in turn, implies e' or' = q. 

Next define p' :—r'oe'. Because of qoe' — e', p' is an idempotent. Thus by construction 
we have an isomorphism 



of C/-modules. Thus {{lndci{U);p'),e',r') with f/ := A (8) is a module retract of £-Ind^(l^). 
By the Lemmata 5.16 and 5.21 we can now find morphisms p G End^|A(ct4 (?^)), e G Hom^i^i 
{a^ (U) , (U)) and r G Hom^|A(Q;^(?7), ^^^(t^)) such that ^'^^jj{p) =p' , '^'^iJjj{e) = e' and 
^jCuui'''') Then we can use lemma 5.22 to conclude that {{a^{U);p), e,r) is an A- 

bimodule retract of a^{V). Thus we have found an object B = {a^{U);p) in C^^^ such 
that G{B) ^ M. 

(iii) G is an equivalence of ribbon categories: Note that G: C^^a^^q equivalence 
functor because first, it is essentially surjective on objects, and second, it is a restriction of 
6*+, which is bijective on morphisms. Since G+ is a tensor functor, so is G. Furthermore, 
for the family F^y of morphisms we have 



where we first used Proposition 5.12 (ii), then Proposition 5.19 and finally Proposition 5.5. 
Since is mapped to the braiding c^^ on Cq^ by an equivalence functor, it follows that 
defines a braiding on C^|^. - This completes the proof of Proposition 5.12 by also 
establishing part (iii) of the proposition. 

Hence the tensor equivalence G is compatible with the braiding. Thus G is an equivalence 
of braided tensor categories, and thereby also of ribbon categories. □ 

Remark 5.23 : 

Denote by Gir'. Cq^a) ~^^cI{A) Gj-f. C'cI{A) ^^'ci{A) functorial equivalences of the 
ribbon categories and C^^^i constructed in Theorem 5.20. 



((Indc,(yl®V);p'),e',r') - (£-Indi(V^);g) 



(5.70) 



G^y) = G^f^r) = r; 



-Ci ++ _ Ci 

G+{X)G+{Y) - ^G(X)G{Y) ' 



(5.71) 
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One can give an explicit representation of Gi/r using retracts. Consider the two morphisms 

QiriMi) G Rom{A^Mi, A(g)Mi) and Qri{Mr) G Rom{A^Mr, A^Mr) given by 



Qir{Mi) :-- 




Qrl{Mr 




(5.72) 



By combining several previous results one sees that Qir/ri{Mi/r) are idempotents: the 

morphisms P^^'^{Mr/i) from (3.1) are idempotents, (2.65) can be used to commute the 
ribbon connecting A to M^/i past the A-\oop, and finally one can use (3.16) together with 
specialness of Ci/r, which holds by the assumptions in Theorem 5.20. 
For local Ci/r-Taodu\es Mi/^ one has 



GiriMi) = ImQiriMi) and G'ri(M^) = ImQriiMr 



(5.73) 



(recall that we work with Karoubian categories, so that all idempotents are split), and the 
action of the functors Gir and Gri on morphisms reads 



Glrifl, 



GiANi) 



Ni 
Ml 

T 

GlriMi) 



GrliNr) 



Nr 



Grlifr) ■■- 



(5.74) 



Mr 



T 

GrliMr) 



for fr e RomcriMr, Nr) and fi E Homc,(Mj, A^^). 



Remark 5.24 : 

(i) The equivalence of the categories of local modules over the left and right centers given 
in Theorem 5.20 is a category theoretic analogue of Theorem 5.5 of [5], which was obtained 
in the study of relations between nets of braided subfactors and modular invariants. In 
the context of module categories, the equivalence, including the relation to the category of 
ambichiral bimodules, has been formulated, as a conjecture, in Section 5.4 of [37]. 

(ii) It is known [32] that in conformal quantum field theory, every modular invariant torus 
partition function can be described in terms of extensions of the chiral algebras for left 
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movers and right movers. The two extensions need not be the same, but they should lead 
to extended theories with isomorphic fusion rules. The additional information in a modu- 
lar invariant partition function is the choice of an isomorphism of these fusion rules. This 
structure is sometimes summarised by saying that the torus partition function of every 
full conformal field theory has the form of 'a fusion rule isomorphism on top of (maximal) 
extensions of the chiral algebras'. 

This statement has been obtained in [32] using the action of the (cover of the) modular 
group SL{2, Z) on the characters of a chiral CFT, the invariance of the torus partition 
function under this action, and the non- negativity of its coefficients. 

The connection between this description of partition functions and our study of algebras 
in tensor categories is supplied by the insight [17, 18] that, given a chiral rational confor- 
mal field theory, a full rational CFT, including in particular its torus and annulus partition 
functions, can be constructed from a symmetric special Frobenius algebra A in the modular 
tensor category C that describes the chiral data of the CFT. (But not every modular invari- 
ant bilinear combination of characters of the chiral CFT is the torus partition functions of 
some full CFT.) The structure of partition functions described above can be obtained from 
Theorem 5.20 as follows. The procedure of 'extending the chiral algebra for left movers 
and right movers' corresponds to passing to the modular tensor categories Cq^^ (^-) of local 
modules of the left center and the right center, respectively, of A. By Theorem 5.20 these 
two categories are equivalent, so that in particular they have isomorphic fusion rules, 

Xo(C^;(A))=i^o(CaV))- (5-75) 

We may lift the algebra A to algebras in C^^"^ j^^-^ via lemma 4.13 to obtain algebras with 
trivial center. In this sense, the two extensions are 'maximal' and the isomorphism of the 
fusion rules is encoded in the 'non-commutative part' of the algebra A. 

6 Product categories and trivialisability 

In many respects the simplest tensor categories are the categories of finite-dimensional 
vector spaces over some field k; we denote the latter category by Vectt. It is therefore in- 
teresting to find commutative symmetric special Frobenius algebras A in ribbon categories 
which are 'trivialising' in the sense that the category C^" of local A-modules is equivalent 
to Vectk- For a generic ribbon category C such a trivialising algebra need not exist. A class 
of categories for which a trivialising algebra does exist is provided by the representation 
categories for so-called holomorphic orbifolds [11, 2]: for these, the trivialising algebra af- 
fords the extension of the corresponding orbifold conformal field theory to the underlying 
un-orbifolded theory. 

We may, however, relax the requirement and instead look, for given C, for some 'com- 
pensating' ribbon category C and a trivialising algebra T in the (suitably defined) product 
of C with C - for the precise formulation of this concept of trivialisability, see Definition 
6.4 below. The main purpose of this section is to establish that such a category C and 
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algebra T always exist when C is a modular tensor category. In that case, for C we can 
take the category dual to C, a concept that will be discussed in Section 6.2. 

6.1 Product categories and the notion of trivialisability 

But first we must introduce a suitable concept of product which to any pair of k-linear 

categories C and V associates a product category that shares with C and T> all the relevant 
properties, such as the basic properties listed in the declaration 2.10. This is done in 

Definition 6.1 : 

Let C and V be k-linear categories. 

(i) The category C®^V is the category whose objects are pairs U x X with U e Obj(C) 
and X e Obj {V) and whose morphism spaces are tensor products (over k) 

Hom^®k^(C/xX, VxY):^ Hom^(?7, V) (g)^ Hom^(X, Y) (6.1) 

of those of C and V. 

(ii) The Karoubian product C^V is the Karoubian envelope of CiE)^!', 

mV := (C0t,Vf . (6.2) 

Remark 6.2 : 

(i) Taking the tensor product over k rather than the Kronecker product of the morphism 
sets accounts for the fact that the categories of our interest are enriched over Vectt. The 
price to pay is that C®^V has idempotents that are not tensor products of idempotents 
in C and V, so that even when C and V are Karoubian we get, in general, a Karoubian 
product category only after taking the Karoubian envelope. 

(ii) In accordance with Remark 2.8(iii) we regard the category C<Si^T> as a full subcategory 
of CKP, i.e. in particular identify UxXe OhjiC^^V) with {UxX, idu^idx) e Obj(CKX>). 

(ni) When C and T> are small categories, then so are C^^P and C^V. When C and T> are 
additive, then so is C^V. When C and V are semisimple, then so is C^V. 

(iv) When C and V are modular tensor categories, then so is their Karoubian product 
C^T>, see Proposition 6.3(iii) below. It is easy to verify that the dimension and charge of 
modular tensor categories, as defined in (3.54), are multiplicative, i.e. 

Dim(CHP) = Dim(C) Dim(r') and p^{CmV) ^ p^{C) p^{V) . (6.3) 
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Proposition 6.3 : 

(i) When C and V are tensor categories, then Ci^^V can be naturally equipped with the 
structure of a tensor category, by setting 

(UxX) ®^®k^(yxy) := (U^^V) x (X(8)^y) , l^®^^ := 1^x1^ and 

(/^ g) ®C^.^(f ^ g') := (/^^f) ^ ® V) • ^^'^^ 

(ii) Similarly, C^^V inherits from C and V the properties of having a (left or right) duality, 
a braiding, and a twist, by setting 

4xx:=4«l^y etc.. 

In particular, when C and P are ribbon categories, then C<^^T> is naturally equipped with 
the structure of a ribbon category. Moreover, 

in particular, the dimensions in C®^T> arc given by 

diuf^^^{UxX) = dim^(C/) dim^(X) . (6.7) 



(iii) Analogous statements as in (i) and (ii) apply to the Karoubian product CMV. In 
addition, if C and T> are modular tensor categories, then the category CMT> has a natural 
structure of modular tensor category. 

Proof: 

(i), (ii) Using the relevant properties of C and V, it is straightforward to check that with 
the definitions (6.4) and (6.5), all required relations for morphisms in C^^V are satisfied. 

(iii) then holds by combining these results with the properties of the Karoubian envelope 
listed in Remark 2.8(iv). For modular C and V, C^V is additive and scmisimplc by Remark 
6.2(iii), and the s-matrix (6.6) is non-degenerate because those of C and V are. Thus C^V 
is indeed modular. □ 

We are now in a position to introduce the concept of trivialis ability of C: 

Definition 6.4 : 

A ribbon category C is called trivialisable iff there exist a ribbon category C and a com- 
mutative symmetric special Frobcnius algebra T in CKIC such that the category of local 
T-modules is equivalent to the category of finite- dimensional vector spaces over k, 

(CKC')t" = Vecik . (6.8) 
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The data C and T are then called a trivialisation of C. 



The rest of this subsection is devoted to the study of the Karoubian product of tensor 
categories and its behaviour in the context of module categories. 



Lemma 6.5 : 

The Karoubian product of two categories is equivalent to the Karoubian product of their 
Karoubian envelopes, 

CMV ^ C^MV^. (6.9) 
If C and V are ribbon, then this is an equivalence of ribbon categories. 
Proof: 

According to Proposition 2.3 to show the equivalence it is sufficient to construct a func- 
tor F: C^KID^ — s>CKlD that is essentially surjective on objects and bijective on morphisms. 

The objects ofC^V = (CO^P) are triples {UxX]7r) with TT an idempotent in End(t/ xX) 
= End([/) ^End(X), while the objects of C^KX>^ are quintuples x (X; g);7r), 

where C/eObj(C), X eOhj{V), peEnd(C/) and qeEnd{X) are idempotents in C and 
T>, respectively, and tt G End(C/ xX) is an idempotent obeying the Karoubi condition 

(p'^q) <=> TT = TT = TT <=> (p'^q) ■ (6.10) 

We define the functor F on objects as 

F{iiU;p) X (X; g); tt)) := {U x X; tt) . (6.11) 

It then follows that we get every object {U xX; tt) of CKIP as the image under F of the 
object {{U;idu) x (X; idx); vr). Hence F is surjective on objects. 

To define F on morphisms, we first introduce, for any two objects ((t/;p) x(X; g); tt) and 
{{V;p') X (F; g'); of KID^, certain endomorphisms P, Q and 11 of vector spaces: 

P : }louf{U,V) l{om^{U,V) Q : Hom^(X,F) Hom^(X,r) 

f ^ p'ofop g ^ q'ogoq 

(6.12) 

as well as 

n: Hom^^k^(C/xX,\/xF) ^ }lorif'^'-'^{UxX,VxY) , . 

h->- tt' o ip o 71 ; 

P, n and Q are idempotents of vector spaces. One checks that, by definition of the Ka- 
roubian envelope, 

Hom^"^^"(((C/;p)x(X;5);7r),((y;p')x(y;?');7r'))= Im(P)«lIm(g) nlm(n), (6.14) 
while 

Hom^^((C/xX;7r),(l^xr;7r')) = Im(n) . (6.15) 
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In addition, from (6.10) it follows that {P<^Q)oIl — ]l — ]lo{P<^Q), which in turn im- 
phes that 

Im(n) C lm{P^Q) = Im(P) ®, Im(Q) . (6.16) 

We can thus conclude that the morphism spaces (6.14) and (6.15) are actually identical 
subspaces of Hom^®k^(C/xX, VxY) = Rom^iU, V) % Hom^(X, Y). 

We now simply define F to be the identity map on morphisms, so that F is in particular 
bijective on morphisms. It is easy to check that together with (6.11) this yields a functor 
from C^MV^ to mV. 

Thus F is an equivalence functor from M to CMV. Suppose now that C and V 
are ribbon. Instead of directly verifying that F is a ribbon equivalence, it is slightly 
more convenient to work with its functorial inverse, to be denoted by G. On objects 
R^{UxX;n) of CKP we have G{R) = {{U; idu) x (X;idx);7r), while on morphisms G 
acts as the identity map. Using the definition of the ribbon structure on the Karoubian 
envelope of a category and on the Karoubian product of categories, as given in Remark 
2.8(iv) and in Proposition 6.3, respectively, one verifies by direct substitution that G is an 
equivalence of ribbon categories. We present details of the calculation only for the tensor 
product and for the braiding. 

Let R^{UxX;7r) and S^{VxY;w) be objects oiC^V. Using (2.15) and (6.4) we get 

G(R(^^^S) = G(((U®'^V) X (X®^r);7r®c®^^tu)) 

(6.17) 

= {{U0'^V;idu^cv) X (X®^F;id^^^y);7r^^®^^tu) 

as well as 

G{R) (g)^"^^" G{S) = (([/; idu) X {X; idx); tt) (g)^"®^^" {{V; idy) x {Y; idy); ti;) , (6.18) 

so that indeed G{R(g)^^S)^G{R) (^^""^""GiS). For morphisms, equality of G{f®^^g) 
and G{f) ^ G{g) is immediate because G is the identity on morphisms. 
Concerning the braiding note that, using (2.16) and (6.5), 

G{cr,s) = G'(c(f,^;,.,),(^^y.^)) = G{{w®^'^^'^t:) o (%,^Hcx,y)) (6-19) 

and 

^G(R),G(S) = C((;7;id[/)x(X;idx);7r),((V;idy)x(y;idy);ro) = {'OJ^^'^'^'^'k) O (% y (g^^ C^^y)) . (6.20) 

Since G is the identity on morphisms, this implies that G(c^ 5) = c^^^-j Q^^gy □ 
Remark 6.6 : 

The product 0^ categories is associative. Together with lemma 6.5, this imphes in 
particular that the Karoubian product of categories is associative as well, i.e. we have 

{cmv)M£ ^ {c®j^)MS ^ (c®fcP®k£:)^ ^ cm{v®f^£) ^ CM{vm) (6.21) 

for any triple C, T>, £ oi categories. If C, T>, and £ are ribbon, then these are equivalences 
of ribbon categories. 
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Lemma 6.7: 

For any (additive, k-linear) category C, taking the product, in the sense of (6.1), with the 
category Vectk of finite- dimensional vector spaces yields a category equivalent to C, 

C ®fe Vectk = C , (6.22) 

while taking the Karoubian product with Vect^ yields the Karoubian envelope of C, 

C M Vectk = . (6.23) 

If C is ribbon, then these are equivalences of ribbon categories. 
Proof: 

Consider the functor F: C -^C^^Vect^ defined by F{U) := ?7x k on objects and by F{f) : = 
f^idk on morphisms. Clearly, F is bijective on morphisms. Next, note that every object 
X G Obj (Vectk) is isomorphic to a direct sum X = k © ■ • ■ © k. Furthermore we have an 
isomorphism ([/© • • • © C/) x k = [/ x (k© • • • © k). Thus every object U x X oi C^^Vecik 
is isomorphic to an object of the form U' x k, implying in particular that F is essentially 
surjective, and hence provides an equivalence of categories by Proposition 2.3. This estab- 
lishes (6.22). 

Suppose now that C is ribbon. Using the definition of the ribbon structure on C Kl Vectk as 
given in Proposition 6.3, one immediately verifies that in this case F is a ribbon functor. 
The equivalence (6.23) is obtained from (6.22) by taking the Karoubian envelope on both 
sides, using Lemma 2.9. □ 



Lemma 6.8 : 

(i) When A and B are algebras in tensor categories C and T>, respectively, then setting 

^a}b ■=K'^^b and r/^®'f := r/^ ^ (6.24) 

endows AxB & Ohi{C<^k'^) with the structure of an algebra in C<^kP. 

(ii) An analogous statement holds for coalgebras, with 

A2f:=Ai«tAl and e'^^ -.^ ei^e^^ . (6.25) 

(iii) If A and B are haploid, then so is A x 5. 

(iv) If in addition C and V are braided and A and B are (co-) commutative, then Ax B is 
(co-) commutative as well. 

(v) When A and B are Frobenius algebras in ribbon categories C and T>, respectively, then 
(6.24) and (6.25) equip Ax B e Ohi{C®^V) with the structure of a Frobenius algebra in 
C^jjD. If in addition both A and B are symmetric and/or special, then so is A x S. 

Proof: 

All required relations of the structural morphisms m^xs'' ^Ax'b' easily follow from the 
corresponding ones of A and B. □ 
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Just like in many other respects, special Probenius algebras are especially well-behaved 
also with respect to taking product categories. In particular, we have 

Lemma 6.9 : 

For A and B special Frobenius algebras in (not necessarily Karoubian) ribbon categories 
C and V, respectively, there is an equivalence 

^ {iC^^V)^,j,f . (6.26) 
If A and B are in addition symmetric and commutative, then there is also an equivalence 

(CKP)fi,^^,,^^,,^) - {{C^^^Vyr^sf ■ (6.27) 
involving categories of local modules. 
Proof: 

The assertions follow immediately by applying corollary 4.11(i) and (ii), respectively, to 
the special Probenius algebra Ax B in the ribbon category C<Si^T>. □ 

In the sequel we will often identify Obj (C^j^P) with the corresponding full subcate- 
gory of Obj(CIElX'), and accordingly identify the algebra {AxB; id-A^idB) with the algebra 
Ax Be Obj(C(8)kP) ^ Ohj{mV). 

A natural question is to which extent the modules over Ax B can be understood in 
terms of A- and S-modules. We first note 

Lemma 6.10 : 

(i) For A and B algebras in tensor categories C and V, and AxB e Obj(C(8)k2^) endowed 
with the algebra structure (6.24), we have the equivalence 

CA-'^k^r = {C^^T^yi^B (6.28) 
of categories of induced modules. 

(ii) If in addition C and V are (not necessarily Karoubian) ribbon categories and A and 
B are centrally split commutative symmetric special Probenius algebras then we have the 
equivalence 

®, V^^-^ - {C®^Vy/:% (6.29) 
of categories of locally induced modules. 
Proof: 

(i) The induced 74xS-modules in C<^j^V are pairs consisting of objects (A^U) x (i?®X) 
and the 74xS-action (m^(g)id[/) <^ (me^idx). They are thus in natural bijection with the 
objects {A0U,mA0idu) x {B®X,mB®idx) of C^'^^iJ^b'^. Analogously there are natural 
isomorphisms between the respective morphism spaces. 

(ii) follows from (i) because also the idempotents (3.1) in the two categories that define 
the locally induced modules coincide. □ 

The following is yet another result for which it is essential that the algebras are special 
Probenius: 
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Proposition 6.11 : 

(i) For A and B special Frobenius algebras in (not necessarily Karoubian) ribbon categories 
C and V, there is an equivalence 

Ca^Vb^ (CKP)axb (6-30) 

of categories. 

(ii) If in addition A and B are centrally split, symmetric and commutative, then there is 
an equivalence 

cx°'^v^°' ^ {mvy^^B (6-3i) 

of ribbon categories. 
Proof: 

We combine the Lemmata 6.5, 6.9 and 6.10, Proposition 4.9 and corollary 4.10. 
(i) We have 



K 



^ C^mV'^'' = {C^'^^J^B'^f (6.32) 

where in the first line we use first (6.9) and then (4.23), in the second line again (6.9), and 
in the last line (6.28), (4.23) and finally (6.26). 

(ii) Analogously, 

^ Cl^-^KDi;'"^ = (Cl'"'^®^!?^-^"'^)^ (6.33) 

= ((C0,p)rxB)'' - ((c%2^)Axb)^ - {cmx^^B, 

where in the first line we use first (6.9) and then (4.26), in the second line again (6.9), and 
in the last line (6.29), (4.26) and finally (6.27). 

Next we note that, by corollary 4.10. objects of Cj^" Kl Vj^" can be written as {{£-lndj^{U);p) x 
(£-Ind^(X); q); tt) with U G Obj(C), X G Obj(I^), p and q the respective idempotents that 
describe a local module as module retract of a locally induced module, and n the idem- 
potent that arises in taking the Karoubian envelope of C^^^^V^". Similarly, objects of 
{CMV)^^s can be written as (Mnd^xs((^x^; ^)); tt) with F GObj(C), F GObj(X>), vj 
the idempotent arising in taking the Karoubian envelope of CCSj^P, and tt the idempotent 
describing a local Axi?-modulc as module retract of a locally induced Axi?-module. 
With this description of the objects, the functor F: CX°"^T)^°" ^ (CKr')^°^5 that maps the 
left hand side of (6.33) to the right hand side is given by 

F : ((£-Ind^([/);p) x (£-IndB(X); g); tt) ^ (£-Ind^^B((C/xX; idc/xx)); tt) (6.34) 



105 



on objects, and is the identity map on morphisms, with the latter regarded as elements in 

(a subspacc of) Hom^'^'^^((A(8)C/) x {B(g)X), {A(g)V) x (B^Y)). (That the idempotents p 
and q do not appear on the right hand side of (6.34) is seen by the same reasoning as in 
the proof of Lemma 6.5.) 

Now one checks by inserting the relevant definitions - formula (6.4) for the tensor product 
on products of categories, formula (2.15) for the tensor product on the Karoubian envelope 
of a category, as well as formula (3.49) for the tensor product of local modules - that the 

prescription (6.34) respects the tensor product, i.e. R(S)'^A"'^B"Si^F{R)^^'^^^'>^°iBF{S) 
(together with an analogous equality for the tensor product of morphisms, which follows 
trivially). Thus F is a tensor functor. 

Similarly, using the formulas (6.5) for the braiding on products of categories, (2.16) for 
the braiding on the Karoubian envelope, and (3.50) for the braiding of local modules, one 
verifies that the braidings on C^^^V^" and on {C^T>)^^^ are compatible in the sense that 

^R,s ^ ~ '^F{R) F{ff} ■ Since F is the identity on morphisms, this means that F is braided, 
and hence that F is a ribbon functor. □ 



Corollary 6.12 : 

If C and T> are (not necessarily Karoubian) ribbon categories and A is a centrally spht 
commutative symmetric special Probenius algebra in C, then there are equivalences 

iC^t^YA^U = Cr'®k^^ and mV)^,^ - CrmV . (6.35) 

The first is an equivalence of categories, the second an equivalence of ribbon categories. 
Proof: 

These equivalences follow by setting B — lx> in the equivalences (6.29) and (6.31), respec- 
tively. □ 

Before we specialise to a special situation of particular interest - C a modular tensor 
category and C being dual to C - let us mention that another large class of trivialisable 
pairs C and C is provided by conformal embeddings similar to those listed in (1.16). 

6.2 The dual of a tensor category 

As already mentioned above, an important class of trivialisable categories is given by mod- 
ular tensor categories, and for these C is the dual of C We therefore turn to the discussion 
of the concept of dual tensor category. 

Definition 6.13: 

The dual category C of a tensor category (C, (8)) is the tensor category (C°pp, (g)). 
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More concretely, when marking quantities in C by an overline, we have 

Objects : Obj(C) = Obj(C) , i.e. ZJe Obj(C) iff t/e Obj(C) , 

Morphisms : Hom(I7, V) = Iiom{V, U) , 

Composition : f°9 — 9°f , 

Tensor product : fJ ® F = VWV , J^g = 

Tensor unit : 1 = 1. 



(6.36) 



Remcirk 6.14 : 

(i) Since C is strict, C is indeed again a (strict) tensor category. If the tensor category C 
is small, then so is C If C is additive, then so is C If C is semisimple, then so is C 

(ii) If the tensor category C is Karoubian, then so is C. More generally, since the idem- 
potents in C coincide with the idempotcnts in C, for any tensor category C the Karoubian 
envelope of C is the dual category of the Karoubian envelope of C, i.e. C =C^. 

The following result is analogous to lemma 2.9 of [34]: 
Lemma 6.15 : 

(i) If the tensor category C has a left (right) duality, then its dual category C has a right 
(left) duality. If C has a braiding, then so has C, and if C has a twist, then so has C. 
In particular, the dual C of a ribbon category C is naturally a ribbon category, too. 
The values of s for C and C are related via 



( — ^u'^y ) > 



so that in particular 



dim(C/) = dim(C/) . 



(6.37) 



(6.38) 



(ii) The dual category C of a modular tensor category C carries a natural structure of a 
modular tensor category. 

Proof: 
(i) We set 



U := ^C/ , 



:= 



(6.39) 



and 

Dualities : 

Braiding : 
Twist : 



bu := (du) e Hom(l, U^U ), djj := (pu) G Hom(t/ ®U,1), 



bu := (du) e Hom(l, ""U ®U) , djj := (bu) e Hom(C/ ^C/, 1) , 



(6.40) 



(c[/,y)-i e Rom{U®V,V^U) , 



Ojj := {0-') e Hom(C/, U) 
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By direct substitution one verifies that these morphisms satisfy all properties of dualities, 
braiding and twist. 

For s as defined by (2.5) one computes 



= {{bv) {bu)) o [idyy^ {{cuy)-^ o {cv,u)-^) ® idjjv] o {{dy) (du)) 
= {dv <S>du)o[ idijy ® ((cy,[7)-i o {cuy)"'^) ® idyv] o (6y ® bu) 

The manipulations leading to the last two equalities may be summarised in the language of 
ribbon graphs, analogously as in (2.5): The second-to-last corresponds to a 180° rotation 
of the y-ribbon, and the last to a 180° rotation of the [/-ribbon. 

(ii) The simple objects of C are V with V a simple object of C; in particular, C has as many 
isomorphism classes of simple objects as C has. Finally, owing to (6.37) invertibility of the 
matrix s = (Sj j) follows immediately from invertibility of s. □ 



Remark 6.16: 

As in Remarks 3.23(i) and 6.2(iv) wc may consider the behaviour of the dimension and 
charge of a modular tensor category. One verifies that under taking duals one has 

Dim(C) = Dim(C) and p^(C) = p^{C) . (6.42) 



Lemma 6.17 : 

(i) If {A, m, T]) is an algebra in a tensor category C, then {A, m, fj) is a coalgebra in C, and 
if {A, A, s) is a coalgebra in C, then {A, A, s) is an algebra in C. 

(ii) If {A,m,ri, A,s) is a (commutative) symmetric special Frobenius algebra in a ribbon 
category C, then {A, A, e, fn, rj) is a (commutative) symmetric special Frobenius algebra in 
C. 

Proof: 

The relevant properties in the dual category are nothing but the corresponding properties 
of the dual morphisms. □ 

For the rest of this subsection we assume that C is a tensor category with a finite 
number of isomorphism classes of simple objects, i.e. that the index set X (sec Section 2.1) 
is finite. Then for every triple of simple objects Ui, Uj, Uk with i,j, A; gX we fix once and 
for all a basis {a} C Hom(f/j®f/j-, Uk) and a dual basis {a} C Hom(f/fc, Ui®Uj). ^ Then the 

® See Section 2.2 of [18] for more details. There the notation a. was used for the second type of basis 
elements; here the overbar is suppressed to avoid confusion with quantities referring to the dual category 
C. 
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6j-symbols, or fusing matrices, F, of C and their inverses G are defined by (in the figures 
we abbreviate the simple objects f/j by their labels i) 




Furthermore, when C is braided, then the braiding matrices R of C are defined by 

k k 



=■■ E^iT A (6-45) 

i j i j 

R^^^^'' is a square matrix with rows and columns labelled by the basis {a} of Hom(f/j®f/j, Uk); 
its inverse with respect to this matrix structure is R~(-' *)'^, which is defined analogously as 
R*^-^ *)^, but with an under-braiding instead of an over-braiding. 

The choice of bases in the spaces B.om{Ui^Uj, Uk) and Hom([/fc, Ui®Uj) of C allow us 
to choose a correlated basis in C. For example to pick a basis {a} C Hom(f/j [7^, [7^) 
we use that by definition Hom(f/j ^Uj,Uk) = Hom(f/fc, Ui®Uj) and take the basis we have 
already chosen in the latter. 

To simplify notation, in the remainder of the paper we will omit the overlines on quan- 
tities of the dual category C whenever from the context it is so obvious that C-quantities 
are meant that no confusion can arise. For instance, we write the fusing matrices of C as 

-={ijk)l . -={ljk)'l 

F „„ mstead of F_^_^. 
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Lemma 6.18 : _ 

The fusing and braiding matrices of the dual C of a braided tensor category C with finite 
index set I are given by 



(~{ijk)l ■^{■i-jk)l _r-(ijk)l p(ii)fe 



(6.46) 



Proof: 

It follows from the definition of dual bases that the fusing matrices also appear in the 
relation i j k i j k 




EE 



-{ijk)l 

apl3,-tqS 




(6.47) 



Combining this result for the category C with the definition of the morphisms Hom and 
their composition o in C one arrives at the first equality. The other relations follow by an 
analogous reasoning. □ 



6.3 The trivialising algebra Tg 



Recall that we denote by X the index set such that {Ui | i gX} is a collection of represen- 
tatives for the equivalence classes of simple objects in a category. In this subsection we 
consider ribbon categories Q which are semisimple and have finite index set Xg. 

We start by introducing an interesting algebra T = Tg in the Karoubian product Q^Q 
of Q with its dual. This is done in the following lemma, which is essentially Proposition 
4.1 of [35]: 

Lemma 6.19 : 

Let ^ be a semisimple ribbon category with a finite number of equivalence classes of simple 
objects. 

(i) The triple Tg = (Tg, m, rf) with 



Tg 
7] : 



k&Ig 

e Hom^^^(lxT,Tg) 



m :- 



E E 

i,j,kGlg a 




(6.48) 



e Hom^^^(Tg®Tg,Tg) 
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is an algebra in Q^Q. 

(ii) The algebra {Tg,m,ri) extends to a haploid commutative symmetric special Frobenius 
algebra in Q^Q. 

Proof: 

(i) The unit property of the multiplication m follows from the normalisation of the mor- 
phisms that was chosen in (2.33) of [18], which states that the basis vector chosen in 
Hom(f/j(8)l, Ui) and Hom(l(g)f/j, Ui) is idc/.. 
To see associativity one notes that 
I I 




(6.49) 



_ i j k I 3 k 




i j k I 3 k 



The second step uses Lemma 6.18 to relate F to the inverse of F. 

(ii) Thus Tg is an algebra. It is clearly haploid. Commutativity follows from 

k k k k 




(6.50) 



i j I J i 3 ^ 3 
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together with Lemma 6.18. 

To show that Tg extends to a symmetric special Frobenius algebra, by Remark 2.23(iv) it 
is sufficient to verify that the morphism $1^^, which was defined after (2.39), is invertible. 
Now for every 2 G Xg we have 




(6.51) 



Ui X Ui Ui Ui 



because only the tensor unit of QMQ contributes in the Tg-ribbon that is connected to the 
Tg-loop and the resulting isolated Tg-loop amounts to a factor dim(Tg). Substituting the 
definition of m then gives the right hand side of (6.51). Since the morphism on the right 
hand side is invertible for every i & Ig, so is □ 



Lemma 6.20 : 

With Tg defined by (6.48), we have: 

(i) The induced Tg-modules 

Mk:=lndT,ilxUk) (6.52) 
{k G Ig) are mutually distinct and simple. 

(ii) The induced modules lndTg{Uky<Ui) decompose into a direct sum of simple Tg-modules 
according to 

IndTg (UkxUi) ^ iVj Mr , (6.53) 

with Nij the dimension of Hom(f/j®?7j, f/^), as introduced in (2.7). 
Proof: 

(i) Since Q is semisimple, G^Q is semisimple as well, and hence the object Mk underlying 
induced module Mk is a direct sum of simple objects of Q^Q. The decomposition into 
simple objects reads 

Mk=Tg®{lx Uk) = Nrk' UrXUs, (6.54) 

with Nij^ = dimHom(t/j®?7j, Uk)- When combined with the reciprocity relation (2.40), this 
implies 

HomTg (Mfc, Ml) = 0,,. Hom^(?7, ® Ui, Us) ® Hom^^^(l x U^, Ur x Z7,) 

(6.55) 

^Rom^ (Ui^Uk) = 5m k, 
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which proves the claim. 

(ii) We first check that the simple modules Mr appear in lndTg{UkXUi) with multiplicity 
Nkr. To this end we we use again reciprocity: 

Rom^f^{Mr,lndTg{UrXUi)) ^ Hom^^^(M^, C/feXC70 ^ k^'^' . (6.56) 

The last equality follows from the decomposition of into simple objects given in (6.54). 
We now know that the right hand side of (6.53) is a submodulc of lndTg{UkXUi). Next 
we check that lndTg{UkXUi) does not contain any further submodules. It is sufficient to 
verify that (6.53) is correct as a relation for objects in Q^Q. For the two sides of (6.53) 
we find 

IndTgiUkXUi) ^ ^ Nri^NrfUuXU, and 

''''''''' _ (6.57) 

respectively. Using the identities Nrk = N^k ^kr = -^ajF, we see that the two expressions 
coincide owing to associativity of the tensor product. □ 



6.4 Modularity implies trivialisability 

We will now apply some of the results above in the particular case that the tensor category 
under consideration is even modular. We are going to show that such categories are 
trivialisable, with the compensating category given by the dual and the trivialising algebra 
of the form given in Lemma 6.19. 

In this subsection Q always denotes a modular tensor category. As a preparation we 
need 

Lemma 6.21 : 

(i) Let Uk be a simple object in a modular tensor category C. If the relation 9s/{0k0r) — 1 
holds for all simple objects Ur, Ug (r, s eX) such that Nrk 0; ^^en Uk — 1. 

(ii) Conversely, let C be a semisimple additive ribbon category with ground field k and 
with finite index set X. If the equality 6s/ OkOr = 1 for all r,s & I such that Nrk 7^ implies 
that k = 0, then C is modular. 

Proof: 

(i) Fix a basis {A^^,^,} <zB.om{Uk^Ur, Us). Then one has 



Kr,a ° Cr,k O Ck,r = ^ A^' (6.58) 
Uk^r 

(see e.g. Section 2.2 of [18] for more details). By assumption, all the factors Os/{OkOr) in 
this expression are equal to one. Since s and a run over a basis, this implies that 

Cr,k O Ck,r = iduk®Ur (6.59) 
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for all r e X. Taking the trace of this formula yields Sr,k — Sk,oSr,o- Thus the kth column of 
the s-matrix (2.8) is proportional to the 1-column, with a factor of proportionality equal 
to Skfi- Since the s-matrix is invertible, this is only possible if /c = 0. 

(ii) The same calculations show that the conditions are equivalent to the statement that 
the equality cur,UkCUf.,Ur = ^dui^^Ur ior all reX implies that k = 0. Taking the trace, we 
learn that A; = is the only element of X such that sur,Uk = dim(^7fc) dim{Ur) for all r el. 
According to Proposition 1.1 of [9], this property in turn implies that the ribbon category 
C is modular. □ 



Lemma 6.22 : 

For Q a modular tensor category and Tg as defined in lemma 6.19, up to isomorphism the 
only local simple Tg-module is Mi = Tg itself. 

Proof: 

By corollary 3.18 it is enough to compute the twist on the simple modules Mk and check 
whether it is of the form ^kidM^ for some ^k G k. Since 1 x Uk is always a subobject of M^, 
if it exists ^k must be equal to 9)^^. Evaluating the twist for all other subobjects of Mk we 
find the following condition: Mk is local iff 9r9g^ ^ for all r, s such that Nrk 7^ 0. By 
Lemma 6.21 this implies that k — 0. □ 



Proposition 6.23: 

For Q a modular tensor category and Tg as defined in lemma 6.19, there is an equivalence 

{gmYr; = Vectk (6.60) 

of modular tensor categories. 
Proof: 

Combining the Lemmata 6.20-6.22 above, we conclude that {Q^QY^g is a modular tensor 
category that, up to isomorphism, has the tensor unit 1 as its single simple object. Any 
such category is equivalent to Vectk. 
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7 Correspondences of tensor categories 



7.1 Ribbon categories 

We are now finally in a position to establish correspondences between certain ribbon cate- 
gories Q and Q. They make use of another ribbon category Ti, which must be trivialisable. 
The strongest result, to be derived in Section 7.2, is obtained when Ti is even a modular 
tensor category. In the present subsection, this special property of H is not required. Also, 
Q and Tl are not assumed to be Karoubian. Given Q and H, we consider a ribbon cate- 
gory Q that is obtained as the category of local modules over a suitable algebra L in the 
Karoubian product of Q and 7i. 

Proposition 7.1 : 

Let Q be a ribbon category, Ti. a trivialisable ribbon category, with trivialisation data Ti' 
and T, and let L be a haploid commutative symmetric special Frobenius algebra in the 
category Q^H satisfying dim^ Hom(lQxT, Lxl^/) = 1. Denote by Q the ribbon category 
of local L-modules, 

g:^{Q^n)t- (7.1) 

Further, let T be the object 

T :^ e-lnd^,^JlQxT) (7.2) 

in QWK' ^ endowed with the structure of Frobenius algebra in QWK' via the prescription 
given in the proof of Proposition 4.14; similarly, let F be the Frobenius algebra 

r -.^ l-lnd^^^{Lxlu') (7.3) 

in {QMT-mn'Y^^T. We have 

Furthermore, if T and F have non-zero dimension, then they are haploid commutative 
symmetric special Frobenius algebras, and there is an equivalence 

{Q^)p ^ {gmny-^' (7.5) 

of (Karoubian) ribbon categories. 
Proof: 

(i) To verify the equivalence (7.4), we first apply Lemma 6.7, then the fact that, by 
assumption, Ti' and T provide a trivialisation for H, and then corollary 6.12: 

^ QMVectt = Qmin^n'YT - {Q^nwy^^^T- (7-6) 

(ii) That T and F arc haploid commutative symmetric special Frobenius algebras can be 
seen by combining Proposition 3.8 and corollary 4.15 as well as Proposition 4.14(ii). Note 
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in particular that we can apply Proposition 3.8(iii), because both L and T are symmetric 
and special, the dimensions of T and F arc non-vanishing, and the condition on the centers 
is implied by dimk Hom(lQxT, Lx = 1 together with the commutativity of L and T. 

(iii) For the next two preparatory calculations, we invoke successively Proposition 4.16, 
corollary 6.12 and the definition (7.1) of Q (as well as the associativity of the Karoubian 
product Kl from Remark 6.6) to write 

-((QK7i)rK7i')Snd,.^,(iaxT) (7.7) 
and similarly, using (7.6) in the second step, 

- K'^ ;«ndj^^^(LxV) ■ 



(7.8) 



(Recall from Lemma 3.24(i) that the category of local modules over any commutative 
symmetric special Probenius algebra in a Karoubian ribbon category is again Karoubian. 
Thus all the module categories appearing here are Karoubian.) 

(iv) Consider now the tensor product algebra 

F := (1qxT)®(LxV) (7.9) 

in QWHMH.' . Recall that in a braided setting the tensor product of two commutative 
algebras is not commutative, in general. Concretely, applying Proposition 3.14 we learn 
that the left and right centers of F are 

Ci{F) ^ E^,^{Lxlu>) and Cr{F) ^ Ej^,^^{1qxT) , (7.10) 

respectively. Further, by Theorem 5.20 the categories of local C;(F)- and local Cr{F)- 
modules are equivalent, 

{QmiMH'ys'i{F) = {Qmmn'Ysi^p) ■ (7-ii) 

Combining this information with the results in step (iii) and (7.10), we finally obtain 

(^?KH')«nd^^^^(i^xr) = (Q^)«ndj^^^(Lx V) > (7-12) 

thus establishing the equivalence (7.5). This is a ribbon equivalence because all the inter- 
mediate equivalences we used are ribbon. □ 
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7.2 Modular tensor categories 

It is desirable to find also a description of the category itself, not just of some module 
category over Q^, in terms of Q and 7i'. As it turns out, this can be achieved if we assume 
that is modular such that it has a trivialisation of the form described in Proposition 
6.23, i.e. _ 

n' = n and T = Tn (7.13) 

with T-H as given in Lemma 6.19. In addition, also one further condition on the algebra 
L and one further condition on the category Q must be imposed; these properties are the 
following. 

Definition 7.2 : 

An algebra A in the Karoubian product CMT> of two tensor categories C and T> is called 
C-haploid iff 

Ohj{mV) 3 U X Ij, ^ A =^ U = lc, (7.14) 
i.e. iff up to isomorphism the only retract of A of the form Uxlx> is l^xlxi. 

Definition 7.3 : 

A sovereign tensor category C is called separable if every idempotent p with tr(p) = is the 
zero morphism. 

Remark 7.4 : 

(i) It follows from Remark 2.23(vi) that if dimt IIom(l, A) =(/ for a Frobcnius algebra A 
in C^V, then I^'^^ x lx> with I^'^^ = lc©lc© • • • ©Ic (<^ summands) is a retract of A, and 
hence in particular A is not C-haploid. Conversely, if A is C-haploid, then it is in particular 
haploid. 

Also, when C = Vect'k, for Frobenius algebras the notions of haploidity in V and of C- 
haploidity coincide upon identifying CIEU? with T). This is the reason for the choice of 
terminology. 

(ii) Since every idempotent in the Karoubian envelope C^ of a sovereign tensor category 
C is also an idempotent in C, separability of C implies separability of C^; owing to the 
functorial embedding C — >C^, the converse holds true, too. Also, if C is separable, then so 
is its dual C. 

If C and V are sovereign tensor categories such that their product C^'^'D (or CKII?) is 
separable, then already C and V are separable. 

Furthermore, since, for A an algebra in a sovereign tensor category C, every idempotent 
in Ca is also an idempotent in C, separability of C implies separability of Ca- By the 
same argument, the category Ca" of local modules over a commutative symmetric special 
Frobenius algebra A in a separable ribbon category C is separable. 
Modular categories are in particular separable. 

The proof of the stronger result involving modular tensor categories relies also on the 
following 
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Lemma 7.5 : 

Let S, S' be two retracts of an object C/ in a (not necessarily Karoubian) separable sovereign 
tensor category C. Suppose that the corresponding split idcmpotcnts satisfy PsPs' — Ps'Ps 
and tiu{Ps) = ^"^u^PsPs') = ^"^u^Ps')- Then Pg = Ps' and S = S' as retracts. 

Proof: 

We write S = {S, e, r) and S' = {S', e', r'), and consider the morphisms / e Hom(5', S') and 
g E}iom{S' , S) given by f:—r'oe and g:—roe'. Using the assumptions we see that 
P'—gof satisfies pop — ro Pgi o Pgo Pgi oe — ro Pgi oe — p, i.e. p is an idempotent. Fur- 
ther we have 

tr^p = truiPsPs') = ti^Ps = dim(5) . (7.15) 

It follows that tr s{ids—p) = 0. By separability this implies that ids—p — so that p — ids- 
In the same way one shows that f o g = ids'- Thus S and S' are isomorphic as objects. 
From ids = 9 ° f = ^ ° Ps' o e we deduce (composing with e from the left) that e = Ps' o e = 
e' o f and (composing with r from the right) that r — ro Pgi = gor'. The relation e — e'of 
implies that S and S' are isomorphic as subobjects, and Ps — eor — e'ofogor' — Pg' 
shows that they are isomorphic even as retracts. □ 

Having these ingredients at hand, ^ we can formulate a much stronger result than the 
one of Proposition 7.1: 

Theorem 7.6 : 

Let Q be a (not necessarily Karoubian) ribbon category and Ti a modular tensor category 
(with trivialisation data 7i, T = T'n) such that the product Q^HMH is separable, and 
let L be a Q-haploid commutative symmetric special Frobenius algebra in the Karoubian 
product Q^n. 

(i) The Frobenius algebra 

L':=Mnd^,j_(lQxr) (7.16) 
is haploid, commutative, symmetric and special, and there is an equivalence 

^ {gmHYi^ (7.17) 

of ribbon categories, with Q — {Q^H)^''- 

(ii) The Frobenius algebra L' in Q^H is even ^-haploid. 

Proof of (i): 

1) We start by checking that the conditions of Proposition 7.1 are fulfilled. Note that 

dimk Hom(lQx77^,Lxl^) = ^ dimt Hom(lQxC/jfcXC4, Lxl^) 

keiH (7.18) 
= dimk Hom(lQXl:f^, L) = 1 , 

Recall also declarations 2.10 and 3.2. 
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since L is in particular haploid, by Remark 7.4(i). Next we need to show that the algebras 
T EOh]{QWH) and r'GObj(Q^) appearing in Proposition 7.1 have non-zero dimension. 
To see this, note that according to Remark 7.4(ii) the categories and QMH are separa- 
ble. Hence for any object U in one of these categories, the vanishing of dim(f/) implies that 
tr(idc/) = and thus idc/ = 0, so that is a zero object. On the other hand, by Remark 
2.23(vi), any Frobenius algebra has the tensor unit as a retract, and hence cannot be a 
zero object. 

We can therefore apply Proposition 7.1; in particular L' = T is haploid, commutative, sym- 
metric and special. To establish (7.17), it remains to be shown that r' = f-Indj^^xTl-^^ Iw) 
is trivial, r' = 1q. 

2) We regard Q®^TL as a subcategory of QWK = {Q'i^^T-L)^ in the usual manner, and 
likewise for Q^^Ti. We start by noticing that the two algebras -E-^^xtI-^^ 1^) — Ci{F) and 
IqxT are both retracts of F := (IqxT) (g) (Lx 1^). The associated idempotents are 



IqxT Lxl^ 



■CiiF) 




IqxT Lxij^ 



IqxT Lx%^ 



and 



IqxT 



dim(L) 



IqxT Lx-I^ 



(7.19) 



respectively. The idempotent Pci{f) ^P^i^ ^y declaration 3.2. To see that Piqxt 
split as well, consider IqxT as a retract of F, with embedding and restriction mor- 
phisms e = idiQxT^VLxi^ and r = idigxT®^Lxi^/ dim(L), where in the definition of e and 
r the isomorphism IqxT = (IqxT) (IqX l?^x 1^) is implicit; clearly, eor = idi^xT and 

Using the specialness of the algebra T, one easily verifies that the idempotents (7.19) satisfy 



"^i(^) ° ^^qxT ~ ^IqxT — PiqxT ° ^Ci{F) ■ 



Their traces are computed as tr(i^g^y) = dim(T) and as 



(F)J 



'1qxT,Lx1j^ 



mn H 



(7.20) 



(7.2i; 



k€ln 



respectively, where the first equality holds by Remark 4.6, while in the second equality the 
explicit form (6.48) of T is inserted. 

3) Next we use the fact that 7i is modular and thus in particular semisimple. Hence 
writing LeObj(QKI7i) as L= (LqxL-h^ti) with suitable objects Lq of Q and L-j-^ of Ti. 
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and an idempotent ttG End(LQxL7^), we know that Lu is a direct sum of simple objects 
Uj of Ti., with j in the finite index set T-^, and as a consequence 

L - X U, (7.22) 
with suitable objects Lj of Q. Inserting this decomposition into formula (7.21) we obtain 

By the identity (2.9), modularity of 7i also implies that the fc-summation in the expression 
on the right hand side can be carried out, yielding (^i,o Sfcei^('S[/^,i)^ = 5i,odim(T), and 
hence tr(i^^^p^) = dim(T') sf j^^. Further, the hypothesis that L is Q-haploid means that 
Lo = 1q; thus we finally get 

tr(PcKF)) = dim(T) sf^^ = dim(T) . (7.24) 

It follows that tr(f^^j^^,^) = tr(i^^(.^,^o i^^^^) = tr(ijgxT)- By Lemma 7.5 this implies, in 
turn, that the two idempotents (7.19) coincide, Pci(f) — ^Iqxt- We conclude that 

E^^ALxln) = IqxT (7.25) 

as retracts of F. 

It is also not difficult to check that the multiplication induced on IqxT via its embed- 
ding in the algebra F agrees with the one defined in Lemma 6.19. The same holds for 
Ej^g^y(Lxl^) = C;(F), as follows from Proposition 3.14. The isomorphism (7.25) there- 
fore also holds as an isomorphism of algebras, and in fact even as an isomorphism of 
symmetric special Frobenius algebras. 

But the object IqxT is the tensor unit in the category {Q^Ti^T-iy^^^j, = Q^, implying 
that f-Indj^gxrl-^^ Iw) — 1 as an object in Q^. The relation (7.17) now follows from (7.5) 
with L' = T = i-lnd^,^JlQxT). 

Proof of (ii): 

It remains to be shown that the algebra L' in QMH is ^-haploid. We will estabhsh that 
any object M of ^ with the property that Mxl:^ is a retract of L', is itself a retract of 
Ig. Since Ig is simple, this imphes that M = Ig, and hence (ii). 

Let us formulate these statements in terms of the category L' is the algebra 

El^j_{1qxT), while M is a local L-module in QmU. That (Mx% e, r) is a retract of L' 

in QM7i thus means that 

e e HomLxfc(Mx%Mnd^^, (IqxT)) and 

^ (7.26) 
r e Homixi^(^-Indix]^(lQX^),^x37?) 
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as morphisms of QWHMH. Now by the isomorphisms of Proposition 4.4 and the reciprocity 
relation (2.41), we have 

Homixi^(Mxl^,Mnd^^i_(lQxT)) = Hom(Mx 1^, IgxT) . (7.27) 

Using the exphcit form of T from formula (6.48), this morphism space in QWKWH is, 
in turn, isomorphic to the space Hom(M, Igxl^^) of morphisms in QKITi, and hence to 
HomL(M, L). Together with a similar argument for the second morphism space in (7.26) 
we can conclude that there are bijections 

/: Homixfc(Mx%,£-Indi^, (IqxT)) ^Hom^(M,L) and 

^ (7-28) 
g : HomLxi^(^Ind^xi^(lsx7^),^x%) ^ HomL(L,M) . 

Substituting the explicit form of these isomorphisms one can verify that for the morphisms 
e and r of (7.26) we have g{r-) o /(e) = id-M- It follows that (M, f{e),g{r)) is a retract of L. 
Moreover, since /(e) and g{r) are morphisms of L-modules and L is the tensor unit of the 
category this imphes that M is a retract of in ^. □ 

Combining Theorem 7.6 with Proposition 3.21 we arrive at the following statements 
about the category Q^: 

Corollary 7.7: 

For Q a (not necessarily Karoubian) ribbon category and Ti a modular tensor category 
such that the product QKlTiKlTf is separable, and L a Q-haploid commutative symmetric 
special Probenius algebra in QIEI7Y, we have: 

(i) If {QMH)l°'' is semisimple, then so is Q^. 

(11) If {QMH)!^" is a modular tensor category, then so is Q^. 

Theorem 7.6 allows us to construct the tensor category Q from the knowledge of the 
categories Q and 7i and of the algebra L' = £-Ind^^]_(lQxT) in Q^7i. For applications, 
e.g. in conformal quantum field theory, it turns out to be important to gain information 
about L' by using as little information about the category Q as possible. The following 
result helps to determine L' as an object of Q^Ti in case that ^ is a modular tensor cat- 
egory (and hence, by corollary 7.7(ii), is a modular tensor category, too), so that in 
particular the set {M^ | k G Tg} of isomorphism classes of simple objects in Q (i.e. of simple 
local L-modules in QMH) is finite. 

Lemma 7.8 : 

Let Q, Ti and L be as in Theorem 7.6, and assume that Q := (QKlTi)!"" modular. Then 
as an object in Q^H the algebra L' := i-l'D.di^^-i_{lQxT) decomposes as 

^'=00 dim [Rom^^iM,, 1q x Ui)] M.xUi. (7.29) 

Keig lein 
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Proof: 

By Theorem 7.6, L' is a lift to QMH^ of the algebra Ej^^-^{1qxT), which 

is a local Lx l:^-module. Now owing to relation (6.35) every simple local Lx l^^^-module 
is of the form M x Ui, with M a simple local L-module and Ui a simple object of 7i. 
Invoking Proposition 4.4 and the reciprocity relation (2.41), it follows that the algebra L' 
decomposes according to 

ELx^,{iQxT) = dim [Hom2««^(M,xI7^, IqxT)] M^xUi (7.30) 

into simple local Lxl^ -modules. Moreover, the morphism spaces appearing here obey 

Rom^^^'^iMxUi, IqxT) ^ Hom2««^^(M xUi,lQxUiX Ui) 

^ Rom^^ {M, 1q X Ui) , 

where the first isomorphism follows by inserting the explicit form of T from (6.48) and 
observing that only the component Ui x Ui contributes. □ 



Remark 7.9 : 

If Q, Q and H are modular, then from the observations in Remarks 3.23(i), 6.2(iv) and 6.16 
one can easily determine the dimension of the algebra V . Indeed, because of ^ = {QWHYl" 
and Q^{gmiY£,' we have 

+ P+(Q)P+(H) , p+(g)p-(H) 

' ^'^ ^ dim^-(L) '^^^^l^^;^- ^'-''^ 

As a consequence, 

dim2^(L) dim^^^(L') = Dim(H) . (7.33) 
This expresses the dimension of L' in terms of those of L and H. 
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A Graphical calculus 



The computations in this paper are often presented in terms of a graphical calculus for 
ribbon categories, which was first advocated in [21]. To make these manipulations more 
easily accessible, we summarise in this appendix our conventions, and in particular recall 
the definition of various specific morphisms that are used in the main text. 



A.l Morphisms 

In the following table we present the graphical notation for general morphisms of a tensor 
category, their composition and tensor product, and for the embedding and restriction 
morphisms (see equation (2.10)) of retracts. Also shown are the structural morphisms of 
a ribbon category: the braiding, twist, and left and right dualities (see Definition 2.1), as 
well as the definition of the (left and right) dual of a general morphism: 



u 



id 



u 



u 



f= m 



9°f 



V v 



f®f' = m m 



U U' 



u 



'U)~S 



V u 



u V 



u V 



V u 



'u 



u 



d. 



u 



u 



d. 



u 



u 



r 




7 
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The next table lists the structural morphisms of a (co) algebra: the product, unit, coprod- 
uct, and counit (see equations (2.22) and (2.23)); the representation morphism for a general 
left-module (see equation (2.24)); the representation morphism for an induced left-module 
as well as the right-representation morphisms for a-induced modules (see (2.31)): 



A 

m = ^/-^ 

A A 




A 

V = 




A A 

A= ^ 

A 


e = 


O 

A 


1 

Pm = / 

A A 


'd 


^left ^left ^ 

Pa+{U) ~ f^a-{U) ~ nndAiU) " 

A 


A I 

) 

A I 


J 

T 


right , 
Pa+{U) ~ 

A 


A 


U 

U A 


A 

right 1^ 
A 


L I 
I 


J 

T A 
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In the following table we list some specific idempotents: the idempotents (U) (see 
equation (3.1)) on which the left and right local induction are based and which appear in 
the Definition 3.1 of a centrally split Frobenius algebra; those appearing in the definition of 
the tensor product of local modules {Pm®n, see formula (3.46)); and also the idempotents 
Qr/i{Mi/r) defined in (5.72), which appear in the functorial equivalences between C^^^^) 
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A. 2 Defining properties 

We now present the defining properties of some of the morphisms displayed in Section A.l. 

We start with the axioms of a ribbon category: the defining properties of dualities; 
the functoriahty and tensoriahty of the braiding; the functoriahty of the twist, and the 
compatibihty of the twist with duality and with braiding, see equation (2.2): 



u u 



u u 



u u 



u 




u 



u u 



W U(S)V w u^v 
m 





U V W U V w 



u u u u 



U(S)V u^v 
p 



U V U V 
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Next we display the axioms of a symmetric special Frobenius algebra A: associativity of 
the product, the unit property, coassociativity of the coproduct, and the counit property, 
see equations (2.22) and (2.23); the Frobenius property, the two specialness properties 
(with the normalisation /Sa = 1) and the symmetry property, see Definition 2.22. Finally 
we show the defining properties of the left and right centers Ci/r = Ci/r{A) (see equation 
(2.64)) as well as the two defining properties of a (left) representation, and the defining 
property of a local (left) representation, see equations (2.24) and (3.34). 





AAA AAA 





AAA 







AAA 



A A 
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A A 
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